
Abstract : There are large numbers of real life problems 
for which there is no any optimization algorithm which can 
solve such kinds of problems in the polynomial time in the 
worst case. So researchers are designing new approximation 
algorithms for such kinds of problems. Approximation 
algorithms gives the solution which is close to the optimal 
solution of  a particular problem. In this paper, a study on 
Traveling Salesman problem is being   done along with the 
difference in the time complexities of approximation algorithm 
as given by different researchers and an approximation 
algorithm is designed for traveling salesman problem. After 
analysis of time complexities of approximation algorithms, 
it is found that Researchers are continuously applying their 
best efforts to design new approximation algorithms which 
have less time complexity and space complexity as compared 
to the previously existing algorithms.
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I. Introduction
An algorithm[1,2,3,28] may be defined as any computational 
procedure which takes a particular input as a single value 
or set of values and produces output as a single value or 
set of values. The pictorial representation of steps to solve 
a particular problem is known as flowchart. The time complexity 
[4,5,7,8,14] of an algorithm is defined as the time taken by an 
algorithm for its execution. The amount of the space taken by 
an algorithm is known as space complexity of an algorithm. 
Asymptotic notations are the mathematical tools which are 
used to represent the time complexity and space complexity 
of an algorithm. Big oh notation(O), omega notation(Ω), theta 
notation(Θ) are asymptotic notation which are used to determine 
the time complexity and space complexity of an algorithm. 
Sorting algorithms [3,5,6] like selection sort, bubble sort, heap 
sort, quick sort, merge sort, counting sort, radix sort, bucket 
sort etc. sort the particular unsorted input in the sorted output. 
Each and every sorting algorithm has a particular logic to sort 
the particular given unsorted input. So the time complexity of 
each and every algorithm is different. 

II. Asymptotic Notation
The running time [11,12,13,15] of a particular algorithm is 
defined in terms of functions. The domains of these functions 
are the set of Natural numbers N = {1, 2, ...}[2].  Asymptotic 
notations are used to define the running-time (worst case, best 
case, average case) of a particular algorithm, which is usually 
defined only on integer input size n. As different algorithm has 
different logic, So running time complexities (in worst case, 
best case, average case) of different algorithm will be different 
[2, 3].

A. -notation (Theta notation)
If f(n) & g(n) are two different function of n, then we can write f(n) 
= (g(n)) if and only if there exist  three positive constants c1, 

c2, and n0 such that 0 ≤ c1g(n) ≤ f(n) ≤ c2g(n), for all n ≥ n0.
The -notation asymptotically bounds a function from above 
and below both simultaneously [2]. The above definition shows 
that f(n) lies in between c1g(n) & c2g(n) . 
Examples: 34n+5= (n), 4n2+54= (n2), 3n3+455= (n3)

B. O –notation(big O notation)
This notation is also known as an asymptotic upper bound. For 
a given function f(n) & g(n), we denote  functions f(n)=O(g(n)) 
if and Only if there exist two positive constants c and n0 such 
that 0 ≤ f(n) ≤ cg(n) for all n ≥n0[2].
Examples: 43n+55=O(n), 2n2+55=O(n2), 4n3+65=O(n3)

C. Ω-notation (big omega notation)
This notation is also known as an asymptotic upper bound. For 
a given function g(n), we denote functions f(n)= Ω(g(n))[2]. If 
and only if there exist two positive constants c and n0 such 
that 0 ≤ cg(n) ≤ f(n) for all n ≥n0}.
Examples: n+4=Ω(n), 4n2+445=Ω(n2).

D. o-notation (little-oh notation)
Little-oh notation is used for such upper bounds which are not 
asymptotically tight [2].
If f(n) & g(n) are the functions of n. then we can write f(n) = 
o(g(n)){such that 0 ≤ f(n)< cg(n) for all n ≥ n0}.where  n0 >0 
&  c >0.
limit f(n)/g(n)=0 When n tends to infinity.
For example, n = o(n2), but n2 ≠ o(n2).
The definitions of O-notation and o-notation are similar to each 
other. But there is some difference between these notations. 
The difference between O & o asymptotic notations are given 
below. If  f(n) =O(g(n)), the bound 0 ≤ f(n) ≤ cg(n) is true for 
some constant c > 0, while if  f(n) = o(g(n)), the bound 0 ≤ f(n) 
< cg(n) holds for all constants c > 0.

-notation(little  notation)
-notation is used to denote a lower bound that is not 

asymptotically tight [2]. One way to define it is by f(n) = (g(n))
{ for all positive constant c > 0, there exists a constant n0 > 0 
such that 0 ≤cg(n) < f(n) for all n ≥ n0}.
For example, n2 = (n), but n2 ≠ (n2).
The definitions of Ω -notation and  -notation are similar to each 
other. But there is some difference between these notations. 
The difference between Ω & o asymptotic notations are given 
below. If  f(n) = Ω (g(n)), the bound f(n)>= cg(n)>=0 is true for 
some constant c > 0, while if  f(n) =  (g(n)), the bound f(n) > 
cg(n) >=0 holds for all constants c > 0.

Analysis of an algorithm means to determine the time 
complexity, space complexity [4] etc. of an algorithm in worst 
case, average case & best case to compare an algorithm with 
another algorithm. As there are different sorting algorithms like 
selection sort, bubble sort, insertion sort, radix sort, bucket 
sort, quick sort, merge sort etc. to sort an unsorted input array. 
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As different algorithm has different time complexities, so we 
will prefer only those algorithm for sorting which has lesser 
time complexity as compared to another algorithm.  Quick sort 
has best case time complexity of O(nlg(n) ) which is better than  
best case time complexity of  selection sort. So Quick sort will 
be given  preferences as compared to selection sort.

The optimization problem[1,2,3] is divided in the two parts. 
The maximization  problem and minimization problem. In the 
maximization problem, the goal is to maximize the value of  a 
particular function while in the case of minimization problem, 
the goal is to minimize  the value of  a particular function. 
There are some real life problems for which there is no any 
optimization algorithm which can solve such kinds of problems 
in the polynomial time in the worst case. So researchers are 
applying their best efforts to design approximation algorithms 
to solve such kinds of problems. Approximation algorithms 
give the approximate solution to a particular problem which is 
close to the optimal solution of that particular problem. Most 
of NP-Complete problems are very much important in real life 
situations.  So we cannot ignore such kinds of NP complete 
problems. The following techniques can be used to work around 
such kinds of NP complete problems in real world. Firstly, when 
input size is small,   then Exponential Algorithms may not be 
so much costly and hence they can be easily used to solve 
such kinds of NP complete problems. Secondly we can also 
find a solution which is close to the optimal solution by using 
approximation algorithms.  Thirdly After restricting the structure 
of the input might make faster algorithms to solve such kinds 
of problems. After fixing some of input parameters may help to 
solve the problem faster. If the size of the input of  a particular 
problem is n. Suppose D* be the cost corresponding to the 
optimal solution of a particular problem and  D be the cost as 
being obtained by approximation algorithm. Approximation ratio 

(n) is  defined as Maximum(D/ D*, D*/D)<= (n).

The definitions of approximation ratio[2] is applicable for 
both minimization as well as maximization problems. For a 
maximization problem, 0 < D ≤ D*and the ratio D*/D gives 
a particular ratio by which the cost of optimization algorithm 
is larger than that of the cost of the approximate solution. 
For a minimization problem, 0 < D* ≤ D, and the ratio D/D* 
gives the ratio by which the cost of the approximate solution is 
greater than the cost of an optimal solution. There are some 
problems for which there are large number of polynomial-
time approximation algorithms which have small constant 
approximation ratios, but for some  problems, the best known 
polynomial-time approximation algorithms have approximation 
ratios which grows as functions of the size of input of the 
problem. 
An approximation scheme[2] is defined as an approximation 
algorithm which  takes input an instance of the problem, 
along with a  value > 0 such that the scheme is a (1 + 
)-approximation algorithm. An approximation Scheme is said 
to be a polynomial-time approximation scheme if for any fixed 
 > 0, the scheme runs in polynomial time in the size n of its 

particular input instance.  The Travelling Salesman Problem[1] 
(TSP) is an NP-complete problem in combinatorial optimization 
which is well studied in operations research  as well as in 
theoretical computer science. In traveling salesman problem,  
a list of cities and their pair wise distances is given and the 
goal is  to determine  a shortest possible tour which  visits each 
and every  city  of graph exactly once. 

The traveling salesman   problem[28] was first formulated as 
a mathematical problem in 1930 and  it is one of the most 
intensively studied problems in the field of  optimization. It 
is used as a benchmark for many optimization methods. As 
traveling salesman problem is NP complete problem [1,2,3] 
So there is no any optimization algorithm which can solve this 
particular problem in the polynomial time in the worst case. 
Researchers have already given large number of approximation 
algorithms for traveling salesman problem and its variants.  
Traveling salesman problem is related to orienteering problem. 
In orienteering problem, an input edge weighted graph(directed 
or undirected) with two nodes s, t is being given along with 
positive budget B and the target is to determine source to 
target walk of total length at most B so that maximum number 
of distinct nodes can be visited by the walk.  If a particular 
node is visited multiple times in walk, then that particular 
node is counted only once in objective function. Like traveling 
salesman problem, the orienteering problem is NP  complete 
problem[2].

The traveling salesman problem   has   large number of  real 
life applications in its purest formulation, such as planning, 
logistics, the manufacturing of microchips, transportation, 
distribution of goods, scheduling of work etc.  In the application 
of the manufacturing of microchips, the concept city represents 
soldering points, and the concept distance represents travelling 
times or cost so soldering. It is well known fact that the worst 
case running time[1,2,3] for  a particular  algorithm for traveling 
salesman problem increases exponentially as  the number of 
cities increases, some instances with only thousand of cities 
will take many CPU years to solve this particular problem.

The Traveling Salesman Problem (TSP) is the most important 
discrete optimization Problem because it has a large number 
of real life applications.  K.  Menger was the first researcher to 
consider the Traveling Salesman Problem (TSP). He observed 
that the  Traveling Salesman problem can be easily  solved by 
examining all permutations  one by one. He also realized   if 
input graph has large number of vertices, then the complete 
enumeration of all permutations is  not possible.  After then he 
looked at the most natural nearest neighbor strategy and  then 
he pointed out that this particular heuristic  does not produce 
the shortest route. The nearest neighbor heuristic generates 
the worst possible route for some problem instances of each 
size.  There are two versions of traveling salesman problem 
which are known as the symmetric version and asymmetric 
versions. In the Symmetric TSP ( STSP), a complete undirected 
Graph Kn  with weights on the edges is given, and the goal  is 
to find a Hamiltonian cycle[1,2] in Kn which has the minimum 
possible weight. In the case of  Asymmetric TSP (ATSP), complete 
directed graph K1n with weights on the arcs is given  and the 
goal is to  determine a Hamiltonian cycle in K1n which has 
minimum  possible weight. The Euclidean TSP is a special case 
of Symmetric Traveling salesman problem (STSP)  in which the 
vertices are points in the Euclidean plane and the weight on 
each edge is the Euclidean distance between its endpoints.  

If n is the total number of vertices in a particular graph, then  
ATSP has (n-1)! Number of Hamiltonian cycles, but STSP has 
total number of  (n-1)!/2 number of Hamiltonian cycles (by 
changing the direction of Hamiltonian cycle in STSP does not 
change the Hamiltonian cycle).  The weight of an edge ij  can 
be easily denoted by wij. We also call wij the distance from i to 
j or  the length of ij. Metric TSP is   also known as delta-TSP or 

34 InternatIonal Journal of Computer SCIenCe and teChnology

IJCSt Vol. 1, ISSue 1, September 2010 I S S N  :  0 9 7 6 - 8 4 9 1 ( O n l i n e )

w w w . i j c s t . c o m



Δ-TSP,  In which the  distance between two vertices  satisfies  the 
triangle inequality[2]. It means  that the direct connection from 
city  X to city  Y is never longer than the   their tour  via Z.
cij<= cik + ckj

Where cij represents the cost of traveling from city i to city 
j.  cik represents the cost of traveling from city i to city k. ckj 
represents the cost of traveling from city k to city j. In  Euclidian 
Traveling salesman problem  the distance between two any 
vertices in the given graph is the Euclidean distance between 
the corresponding vertices. In the  case of Rectilinear TSP,  the 
distance between two vertices  in the given graph is the sum 
of the differences of their x and y coordinates. This  metric is 
also known as  Manhattan distance or city-block metric. In the 
maximum metric, the distance between two vertices of the 
given graph  is the maximum  value of the differences of their 
x and y coordinates. There are also some distance measures 
which do not satisfy the property of triangle inequality and these 
are examples of non metric distances. For example, travel by 
airplane, may be faster although it covers a longer distance. 
Frieze et al[1982] designed a polynomial time approximation 
algorithm for asymmetric traveling salesman problem with 
triangle inequality with the approximation performance of lg(n) 
where n represents the total number  of vertices in the graph. 
Then Kleinberg and Williamson[1999] designed a polynomial 
time approximation algorithm for asymmetric traveling salesman 
problem with triangle inequality which has  approximation ratio 
of 1.3863log(n). 

A well known special case of Asymmetric traveling salesman 
problem is that one in which the weight of edge can only attain 
values one and two only. This particular problem  is approximately 
hard problem. In 2004, Blaser designed an approximation 
algorithm for this particular problem which has approximation 
ratio of 5/4. For symmetric TSP, Berman and Karpinski[2006] 
designed an approximation algorithm which has approximation 
ratio  of 8/7. In 2004, Markus Blaser designed a new polynomial 
time approximation algorithm for asymmetric TSP with triangle 
inequality which has approximation ratio of 0.999log(n). In 
2005, Kaplan et al. designed an approximation algorithm for 
asymmetric traveling salesman problem with triangle inequality 
which has approximation ratio of 0.842log(n).

III. Applications Of Travling Salesman Problem
Generally Traveling Salesman Problem[28]  is being used  in  a 
wide range of discrete optimization problems, transportation 
problems etc.    The large number of direct applications of 
the TSP bring life to the research area and  it also helps to 
direct future work. The Traveling Salesman Problem  arises as 
a sub problem in many transportation as well as in  logistics 
applications.   The problem of arranging school bus routes to 
pick up the children of a  school such that the total distance 
traveled by the bus can be minimized can be easily solved by 
the similar concept as it is being used in solving the Traveling 
Salesman Problem.  Another  recent applications of Traveling 
Salesman Problem  involves the scheduling of different service 
calls at cable firms, the delivery of meals to homebound persons 
in the optimization way,  the proper scheduling of stacker cranes 
in warehouses,  the routing of trucks for parcel post pickup etc. 
From the above applications of Traveling Salesman Problem  it 
has been very much clear that, the Traveling Salesman Problem  
can be easily used in the many interesting applications in other 
areas like manufacturing process. 

Scientists at the National Institute of Health have used 
Concorde’s Traveling Salesman Problem  solver to construct  
the radiation hybrid maps as part of their ongoing work in 
genome sequencing.   The Traveling Salesman Problem  
provides a way to integrate local maps into a single radiation 
hybrid map for a genome. Generally cities are the local maps 
and the cost of travel is a measure of the likelihood that one 
local map immediately follows another local map. One of the 
most important application of Traveling Salesman Problem  is 
in NASA Starlight Interferometer Program In which  a team of 
engineers at Hernandez Engineering in Houston and at Brigham 
Young University have experimented with using Chained Lin-
Kerninghan to optimize the sequence of celestial objects to 
be imaged and the mission of this program is  to minimize 
the use of fuel in targeting and imaging maneuvers for the 
pair of satellites involved in the program ( In NASA Starlight 
Interferometer Program, the cities in the Traveling Salesman 
Problem  are the celestial objects which have to be  imaged 
and the cost is the amount of fuel needed to reposition the 
two satellites from one image to the next image).  
 A semi-conductor manufacturer also  uses  Concorde’s 
implementation of the Chained Lin-Kernighan heuristic in 
their experiments to optimize the scan chains in integrated 
circuits.  Actually, Scan chains are routes included on a chip 
for testing purposes and it is beneficial to minimize their length 
so that time complexity as well as power consumptions can 
be decreased. An important   application of the Traveling 
Salesman Problem is to schedule the collection of coins from 
payphones throughout a given region. Let us consider  be the 
approximation factors for an approximation algorithm. The best 
known approximation factor [2] for min-cost s-t path (k-PATH) 
problem is  = 2 + . The best known approximation factor 
for min-excess path problem  is EP = 2 +  . The best known 
approximation factor for max discounted-prize path problem is 
given by DP = 6.75 + . The best known approximation factor 
max-prize path problem (ORIENTEERING) is PP = 4 .The best 
known approximation factor for max-prize tree problem is  PT 
= 8. The best known approximation factor for max-prize cycle 
problem is PC = 8. The best known approximation factor for 
max-prize multiple-path problem is  kPP = 5.
Metric TSP is a sub case of TSP where the Triangle Inequality 
holds. This is always true when the weights on the edges are 
actual distances. Travelling Salesman Problem (TSP) as well 
as  Metric Travelling Salesman Problem (TSP) are NP-hard 
problems, it means that  there is no any  known polynomial-
time algorithm for solving these problems, unless P=NP. So 
researchers are applying their best efforts to design a new 
approximation algorithm for traveling salesman problem[28].

A. Input
Set of vertices V which is consisting of n number of vertices 
and a cost function c: V×V->R+ which satisfies the triangle 
inequality.

B. Output
An approximation algorithm  for traveling salesman problem.

IV. Proposed Algorithm
1. Firstly determine the minimum- spanning tree (MST) of the 

given input graph by using Prim’s algorithm.
2.Implement depth first search of minimum spanning tree, in 

such a way that every edge is visited exactly twice. Store each 
and every vertex in the traversing path in the linked list L. 

3.Change the list of vertices in linked list in such a way that 
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the new linked list contains the each vertex only the first 
time it appears in the previous linked list. 

4. Traverse the vertices in the same order as in the linked 
list.

5. The path in the above step gives the path of the 
salesman. 

V. Time Complexity of Proposed Algorithm
As in the proposed algorithm there is need to determine 
the minimum spanning tree of given input graph. The time 
complexity of the proposed algorithm depends upon the time 
complexity of Prim’s algorithms. If |E| represents the total 
number of edges in the given graph and  |V| represents the 
total number of vertices in graph. The time complexity of the 
Prims algorithm is O(|E| +|V|lg|V|). The time complexity for 
depth first search traversal is O(|E| +|V|).  Time complexity 
to insert |V| nodes to the linked list O(|V|).  So the resultant  
time complexity for  the proposed approximation algorithm for 
traveling salesman problem is O(|E| +|V|lg|V|) .
Let OPT represent the cost of the minimum weight tour   traveled 
by salesman.
Suppose the weight of minimum spanning tree obtained by 
prims algorithm is equal to x. So x <= OPT. This particular result 
can be easily proved by the contradiction as given below.
Consider an instance of a Metric traveling salesman problem 
with OPT < x.  if we remove a particular edge from tour of 
salesman. After removing a particular edge from tour of 
salesman creates an acyclic graph which hits each and every 
node of the input graph.  Suppose the cost of this particular 
spanning tree =y.
As this particular spanning tree is obtained by deleting a 
particular edge from tour of salesman So y< OPT, so y < OPT 
< x. it shows that y<x which is contradiction. It proves the fact 
that x <= OPT.
As in the next step, we have to traverse the nodes of minimum 
spanning tree in such a way that each and every edge of 
minimum spanning tree is obtained by twice. This “pseudo 
tour” PT has cost p=2 × cost of MST =2*x <=  2 × OPT. As 
after it, we have to store the vertices of the tour obtained by 
the above step in the linked list. After then we have to create 
a new linked list and we have to write each vertex only the first 
time it appears in the previous linked list in the new linked list. 
As We have to traverse the nodes of the new linked list in the 
same order as appeared in the linked list and suppose the 
cost of traversing the final tour of salesman be z. So z<=p it  
proves that z<=2*OPT.

VI. Conclusion
In this paper, a study on Traveling Salesman problem is being   
done along with the difference in the time complexities of 
approximation algorithm as given by different researchers and 
an approximation algorithm is designed for traveling salesman 
problem. After analysis of time complexities of approximation 
algorithms, it is found that Researchers are continuously applying 
their best efforts to design new approximation algorithms which 
have less time complexity and space complexity as compared 
to the previously existing algorithms.
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