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Abstract
In the present paper, we evaluate an analytic formula for the 
temperature distribution involving product of two hypergeometric 
functions of heat conduction problem in a moving medium 
between x=0 and x=1 (On the x-axis) in the time  0 < t < ∞ 
that has variable velocity and variable thermal conductivity 
with prescribed condition when x → 0 and, 0 < t < ∞, first 
face of the medium follows a law by a known function of time 
only. Further, we make an extension of the function related to 
the above obtained temperature distribution formula through 
introducing Lie group of operators and finally, discuss some 
particular cases.
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I. Introduction
A differential equation [4] satisfied by Gaussian hypergeometric 
function  2F1 [α+n, β; γ+n; x] is given by    

 (1)

Replacing n by constant and  
t is the time variable,  in (1), it may be written in the terminating 
form of partial differential equation as

(3)

In 1977 a symmetry of groups and separated solutions of 
Helmholtz wave equation [2] has been studied and its related 
equations are obtained in great detail. Various heat conduction 
problems and wave equations are studied and solved through 
Laplace and Fourier operational techniques [1]. Here, in our 
work, we construct a model problem of heat conduction 

problem for obtaining the temperature distribution formula 
involving product of two hypergeometric functions in a moving 
medium between x = 0 and x = 1 on x-axis and in the time 0 < 
t < ∞, the first face of the medium follows a ruling as a known 
function of time only, the velocity and the heat capacity of the 
medium is the function of position. We next obtain an extension 
of the function related to the above evaluated temperature 
distribution formula through introducing Lie group of operators 
and finally, discuss some particular cases.

II. A Model Problem on Heat Conduction Problem and 
Governing Equations 
Consider a medium of bar moving in the direction of its length (i. 
e. x-axis) between the limits x = 0 to x = 1. The bar is supposed to 
be so thin that the temperature at all points of the section may 
be taken to be the same. We also suppose that the conductivity 
K of the bar is a function of position and is proportional to (x – 
x2). Further, the velocity u of the bar in x-direction is supposed 
to be a sequence of function of position and is proportional to

 
surface and both ends of the bar are assumed to be insulated 
and of that first face (x → 0) follows a ruling by a known function 
of time only.
Thus, making an appeal to the heat conduction equation [3], 
and above our assumptions, the partial differential equation, 
satisfied by the temperature distribution θ (x, t) at time t in a 
bar with thermal conductivity K, density  , specific heat C and 
there no heat is  generating within the bar and the bar is moving 
with velocity u in the direction of x-axis, is given by

  (4)
In our investigations, for obtaining the solution of above heat 
conduction problem, we suppose that at the first face the 
temperature follows the ruling as

(5)
K=c1 (x – x 2)      (6)
u= c2{ (α+β+n-1) x- (γ+n-1) }    (7) 
Here, c1 and c2 are arbitrary constants of proportionality, , .                                                                
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α be real or complex, 0 ≤ Re(β) < 1,(γ+n) ≠ 0, -1, -2,… n = 0, 
±1,±2,…, 0 <x <1.                (8)                                                    
Then, with the help of (4), (5) and (7) and setting   (for 
simplicity), we find a partial differential equation, for the given 
conditions of (8), in the form

  (9)

III. Solution of Heat Conduction Problem and Analysis
To obtain the solution of above partial differential equation (9) 
of heat conduction problem stated in section 2, we consider   
in the separation of variables such that
θ (x, t)= X (x) U (t)    (10)
Then, with the aid of (9) and (10), for the given conditions of 
(8), we find that

 (11)
From (11), we easily evaluate the separated solutions in the 
form

provided that all conditions of (5) and (8) are followed.         
                           
                                                             (12)
Therefore, the general solution of the differential equation (2.6) 
is given by

        (13)

conditions of (5) and (8) are followed and γn is any arbitrary 
constant, real or complex, Now, to find  , 
take the limit as x → 0 in (13) and then make an appeal to 
(5) for its given conditions  and  equating like powers to both 
sides, we get

       (14) 
Finally, with the aid of (13) and (14), we get the general solution 
of the differential equation (9) in the form

            (15)
provided that all conditions of (13) are followed.
Now, we introduce an analytic function 

, ∞ and and relate it to θ (x, 
t) given in (15) such that

 (16) 
From (15) and (16), we find an infinite linear combination 
relation such that                                                                                     

 (17)
where,  and all conditions of (13) are followed. 

IV. Extension of the Analytic Formula   
Through Lie Group of Operators
To obtain the extension formulae of the analytic formula  

 given in (16), we set  
|y|<|a|-1,  and for all conditions of (13), we find that

                                                                                                                                           
Now, in both sides of (18), replace y by y z and multiply by  zγ-α 
vβ to obtain a generalized formula related to the temperature 
distribution formula due to above heat conduction problem 
in the form

           (19)                                                      
That is a basis function taken as a sequence of functions  that 
with the help of (18) may be written as

     (20)                                                             
Now, consider a function                                  

           (21)                                                                                 
such that when , γ+n we have

                         (22)
We see that Ψρ, η, σ (x, y, z, v) is the solution of the differential 
equation

      (23)
with simultaneous equations

(24)
Now for further extensions of our investigations, we introduce 
following Lie group of operators 

(25)  
Again, the actions of the group of operators on the function 
Ψρ, η, σ (x, y, z, v), defined in (25), are as follows
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D{Ψρ, η, σ(x, y, z, v)}=(σ - 1)  {Ψρ-1, η, σ-1 (x, y, z, v)} (26),  

  (27), 

 (28),                                                      

  (29),   
and

(30)
      
Now, making an appeal to (26) and (28), we find an extension 
formula

 (31)
Further, making an appeal to (27) and (29), we obtain second 
extension formula

   (32)
                                            
Then, with the help of (30), (31) and (32), we evaluate more 
extended formula

 (33)                                    

V. Special Cases
Making an appeal to (21) and (31), we may write

 (34)
Now, set y = 1, z = 1 and  in both sides of (34) and then, we 
get well known generating function

  (35)
Again, making an appeal to (20) and (30), we may write 

  (36)                                                  
which is a generating formula equivalent to the formula due 
to Miller Jr. [2, p. 254, Eqn. (2.10), for j = 1] for Gaussian 
hypergeometric function.                           

Conclusion and Extended Formula of Temperature 
Distribution
With the help of (20) - (22) and (33), we conclude that the 
extended formula of the temperature distribution is given by

(37)
where, all conditions of (13) are included |b|<|yz|<|a|-1 

and.
Thus, with the help of (17) and (37), we may analyze and study 
of various structures of an extended formula of temperature 
distribution of heat conduction problem in a moving 
medium.
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