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Abstract
The wavelet thresholding technique is an effective way of obtaining 
a smoothed non parametric spectrum estimate of a stationary 
signal. This approach has ability to capture statistically significant 
components of In )(ln fS  at different resolution levels and guarantees 
non negativity of the spectrum estimator. This technique solves 
the problem of specified noise/resolution tradeoffs by treating the 
wavelet coefficients of the additive noise as independent random 
variables. In this paper an attempt has been made to propose a new 
technique to estimate the smooth spectra based on Lifting wavelet 
transform via thresholding.The selection of thresholds are based 
on 1) Gaussian approximation 2) Stain’s Unbiased Risk Estimator 
(SURE). The variance in the estimation of smooth spectra based on 
proposed methods is in agreement with those obtained by normal 
wavelet transform at the benefit of computational time.
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I. Introduction
The wavelet techniques are used in a spectrum estimation problem 
for combining information about the spectrum at different 
resolutions. The concept has been suggested and developed 
in [1]. The idea of this method is based on thresholding the 
wavelet coefficients for smoothing of the log-periodogram and 
captures significant components of the log-spectrum at different 
resolution levels. In the spectrum estimation problem, the wavelet 
coefficients of the additive noise are non-Gaussian and mutually 
dependent. However, a large-sample analysis shows that the 
distribution of these coefficients converges to an Independent, 
Identically Distributed (IID), Gaussian distribution at coarse 
scales. This property suggests that estimation techniques based 
on an independent-noise assumption may be applied. The approach 
is to detect the presence of components of the log-spectrum by 
application of a binary hypothesis test on each empirical wavelet 
coefficient. The hypothesis test is equivalent to the application of a 
soft threshold to the empirical wavelet coefficients. Log-spectrum 
estimates are obtained by applying the inverse wavelet transform 
to the thresholded coefficients. Interestingly, hypothesis testing is 
often used to detect spectral lines in the spectrum [2-5].
Consider a real, wide-sense stationary Gaussian random process 

,...}2,1,0),({ ±±=nnx with zero mean and covariance [6]

,...}2,1,0)],()([)({ ±±=+= nnmxmxEnr .
The power spectrum of )(nx  is defined as 

    (1)

assumed that )( fS  is strictly positive over the interval [-1/2, 1/2]. 
The observations are N2  samples of x, }20),({ Nnnx <≤ .
The periodogram is given by

   (2)
is symmetric around 0=f  and has the following well-known 
properties [7]. If  S  is smooth and N  is large enough, then, up to 

a good approximation, the samples 
},....,2,1,0),2/({ NkNkI N =

satisfy the following model, 
NkkuNkSNkI N ,....,2,1,0),()2/()2/( ==  (3)

Where, the random variables 
},.....,2,1,0),({ Nkku =  are independently distributed as one 

half times a chi-square ( ) random variable with two degrees of 
freedom, and )0(u  and )(Nu  are chi-square  random variables 
with one degree of freedom. The periodogram samples in eq. (3), are 
asymptotically the sufficient statistics for the spectrum estimation 
problem. Using the idea of Wabha [8-9], the multiplicative model 
eq. (3), is transformed into an additive one by taking a logarithmic 
transform,

  (4)
In (4), the samples 

are zero-mean and mutually independent. It is shown in [7-9] 
that 
for, 
where,  is the Euler constant, and 
for 0=k  and Nk = ,   
The variance of   is   for Nk <<0 , and   for

0=k  and Nk = . The model eq. (4) becomes

 (5)
where,  are i.i.d. with zero mean and 
variance .
The periodogram eq. (3) or its scaled logarithm eq. (5), are 
asymptotically unbiased but are not consistent in the mean 
square.

A. Wavelet Transform
Many applications (compression, analysis, denoising, etc.) benefit 
from signal representation with as few coefficients as possible. 
The signal is characterized as a series of coarse approximations, 
with sets of finer and finer details. The Discrete Wavelet Transform 
(DWT) provides such a representation.  The DWT represents a 
real-valued discrete-time signal in terms of shifts and dilations 
of a low pass scaling function and a band pass wavelet function 
[10]. The DWT decomposition is multiscale: it consists of a 
set of scaling coefficients ][0 nc , which represent coarse signal 
information at scale 0=j  , and a set of wavelet coefficients ][nd j

, which represent detail information at scales Jj ,...,2,1= . The 
forward DWT has an efficient implementation in terms of a 
recursive multirate filter bank based around a lowpass filter h 
and highpass filter g  [11]. The inverse DWT employs an inverse 
filterbank with lowpass filter h~ and highpass filter g~, as shown 
in fig. 1. 
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Fig. 1: Filter Bank Representation of Wavelet Transform

The economy of the wavelet transform stems from the fact that 
the DWT tends to compress real-world signals into just a few 
coefficients of large magnitude. It is enlightening to view the 
DWT as prediction-error decomposition. The scaling coefficients 
at a given scale )( j  are “predictors” for the data at the next higher 
resolution or scale )1( −j . The wavelet coefficients are simply the 
“prediction errors” between the scaling coefficients and the higher 
resolution data that they are attempting predict. This interpretation 
has led to a new framework for DWT design known as the lifting 
scheme [12]. Next section, the basic lifting scheme is illustrated 
to construct DWT’s, which is used for Periodogram smoothing. 

B. The Lifting Concept 
Lifting, a space-domain construction of biorthogonal wavelets 
developed by Sweldens [13], consists of the iteration of the 
following three basic operations (see fig. 2): 
Split: Divide the original data into two disjoint subsets. For 
example, split the original data set )(nx into )2()( nxnxe = , 
the even indexed points, and )12()( += nxnxo , the odd indexed 
points.

Fig. 2: The Lifting Scheme: Split, Predict and Update

Predict: Generate the wavelet coefficients )(nd  as the error in 
predicting )(nxo  from )(nxe  
using prediction operator ρ: 

))(()()( nxnxnd eo r−=
Update: Combine )(nxe  and )(nd  to obtain scaling coefficients 

)(nc  that represent a coarse approximation to the original signal
)(nx . This is accomplished by applying an update operator U  to 

the wavelet coefficients and adding to )(nxe :
))(()()( ndUnxnc e +=

These three steps form a lifting stage. As seen in fig. 2, a lifting stage 
has the same structure as a filter bank ladder structure. Iteration 
of the lifting stage on the output )(nc  creates the complete set of 
DWT scaling and wavelet coefficients )(nc j  and )(nd j . 
In section II, the mathematical foundations of the discrete wavelet 
transform based estimation approach have been presented. The 
methods to select threshold the wavelet coefficients have been 
presented in section III. The simulation results with the help of 
examples are presented in section IV. Finally, Section V contains 
conclusion. 

II. Wavelet Transform of Scaled Log Periodogram
Assume N is a multiple of  J2  and consider an orthonormal, 
Discrete Wavelet Transform (DWT) for signals on the interval

]1,0[ −N .  Denote j and l as the scale and location parameters 
in the discrete index set 
  }20,{}20,0{ 1 NlJNlJj Jj −−− <≤∪<≤<≤=Λ , where 

0=j  and Jj =  are the fine and coarse scales, respectively. An 
explicit formula for the DWT coefficient of a signal

}0),({ Nkkx <≤  is

  (7)
where Nkkjw <≤0, }{  denotes the “discrete wavelet” at scale j , 
namely, the impulse response of the
cascade of 1−j  lowpass filters  and  the 
highpass filter . The signal

}0),({ Nkkx <≤  is reconstructed from 
 using the inverse DWT.

Denote by

 (8)

  (9)
and

  (10)
the DWT coefficients for the scaled log-periodogram, the 
discretized log-spectrum and the additive noise )(ke in eqn(5), 
respectively. From (5), we obtain 

   (11)
in which  is interpreted as an additive noise corrupting 
the wavelet coefficients of the
log-spectrum. The estimation problem consists in estimating  
given the empirical wavelet
coefficients . The estimates for the log-spectrum are then 
produced by applying the inverse DWT to the estimated .

A. Wavelet Coefficients Statistics
The coefficients  in eqn(10) are uncorrelated, since

 are independent identically distributed 
and the DWT is Ortho-normal. The distribution of a given  
is independent of the location index l  but depends on the scale j
. Its variance is , which is independent of scale j .
To obtain   is smooth enough, a possible idea is to shrink 
small coefficients towards zero, since those are likely to be due to 
the noise [14]. This may be done in a decision-theoretic framework 
by testing the null hypothesis 0:0 =jlaH  against the alternative

0:0 ≠jlaH , for each wavelet coefficient Λ∈lj, . The null 
hypothesis is selected when the empirical jlb  belongs to the 
acceptance region  at significance level ,

 (12)
Since )(xp j  is asymmetric probability density function around 
origin.  The hypothesis test is equivalent to applying the following 
thresholding to the empirical wavelet coefficients:
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 (13)
From eq(12), we obtain the basic relationship between , the 
thresholds, and the tail probabilities,
.Since the thresholds decrease with , various noise/resolution 
tradeoffs can be obtained by selecting  appropriately.

III. Selection of Threshold
The wavelet coefficients at scale J  play a special role. Since they 
describe the coarse features of the signal, these coefficients are 
presumed to contain relevant information, so no thresholding is 
applied to them. The thresholds at other scales are determined 
as follows. The probability of false alarm FP  is the probability 
that the largest noise wavelet coefficient is smaller than or 
larger than . 
1. The Gaussian approximation: In this, the wavelet shrinkage 
for signals corrupted by Gaussian noise, Donoho and Johnstone 
[15-16], proposed that the choice of threshold

   (14)
where,  is square root of variance of )(ke
For instance, for  .
2. Stein’s Unbiased Risk Estimation (SURE): Choose the value of 
threshold at which the Integrated Mean Square Error (IMSE) 
is minimum [17]. The IMSE of  is given by 

   (15)

IV. Simulation Results
The performance of scaled log periodogram of proposed Lifting 
wavelet transforms is illustrated by using the Autoregressive (AR) 
signal, two-tone sinusoidal signal and also for MST radar data.

A. Autoregressive Signal
Spectrum for an Autoregressive second order (AR(2)) process with 
a pair of complex poles at has been considered 
as an example. The time series has been generated by feeding the 
Gaussian pseudo random number generator to the AR filter [6] and 
the length of data is restricted to  N=512 and 50 realizations have 
been considered. The true spectrum has been presented in fig 3. 
The Scaled log spectra based on periodogram, wavelet transform 
and lifting wavelet transform are shown in fig. 4. It is clearly 
observed that the variance of the Scaled log spectrum via Lifting 
technique is significantly smaller than that of the periodogram. 
The optimal threshold =6 has been obtained by minimizing 
Integrated Mean Square Error (IMSE).
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Fig. 3: The True Spectrum of AR Signal
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Fig. 4: The Scaled Log Spectrum Based on Periodogram, Wavelet 
Transform and Lifting Wavelet Transform

B. Two Tone Sinusoidal Signal
In the second example a signal having two closed frequencies 
embedded in white noise has been considered, where, x(n) is 
given by

,
where, f1=0.2by f1=0.2Hz and f2=0.2 by f2=0.22Hz  is white 
noise having zero mean and unit variance. The length of the data 
is fixed at N=512. For this signal the true spectrum is shown in 
fig. 5. The Scaled log spectra based on periodogram, wavelet 
transform and lifting wavelet transform are shown in fig. 6. It 
is clear that the variance of the Scaled log spectrum via Lifting 
technique is significantly lower than that of the normal wavelet 
transform. The optimal threshold is chosen as =6. 
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Fig. 5: The True Spectrum of Two-tone Sinusoidal Signal
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Fig. 6: The Scaled Log Spectrum Based on Periodogram, Wavelet 
Transform and Lifting Wavelet Transform
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C. MST Radar Signal 
To test the validity of the procedure it is applied to MST radar 
data. The MST atmospheric data is collected from the MST Radar 
centre at Gadhanki, Tirupati, India. The data set consists of 150 
member functions, each having 256 samples. It is observed that 
wavelet transform and lifting based wavelet transform techniques 
give the smoothed spectra which are shown in fig. 7. In addition, 
the spectrum estimate for MST radar data based on the proposed 
method is smoother than the spectrum estimated by periodogram 
and normal wavelet transform.  
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Fig. 7: The Scaled log spectrum based on Periodogram, Wavelet 
transform and Lifting wavelet transform

D. Comparison Among Periodogram, Wavelet Transform 
and the Lifting Wavelet Transform
To evaluate the performance of techniques proposed here a 
comparison has been carried out and is shown in Table 1, and 
Table 2. 
From the Table 1, it is clear that Lifting wavelet transform technique 
gives lower variance compared to others. It is also observed that 
lifting based wavelet approach is computationally more efficient 
in terms of computation time.

Table 1: Signal vs Variance
Variance

Periodogram Wavelet 
Transform

Lifting 
Wavelet 
Transform

AR(2) 
signal

92.0714 91.7332 91.6820

Two-tone 
signal

44.2239 29.5655 25.5346

MST 
radar 
data

90.6896 77.308 75.3278   

Table 2: Signal to Noise Ratio vs Variance

Signal-
to-noise 
ratio(dB)

Variance

Periodogram Wavelet 
Transform

Lifting 
Wavelet 
Transform

-4.7483 41.5005 25.2037 24.9595
-0.0277 52.5436 28.7732 28.6547
4.8757 39.8664 24.8828 25.4931
10.0824 60.8165 44.5226 42.7326
20.3150 74.6715 66.5596 65.2815
25.2707 82.5959 75.6481 76.0903

From Table 2, it is clear that at high SNR, lifting based wavelet 
transform technique gives lower variance where as at very low 
SNR( below -10dB ) wavelet transform exhibits lower variance 
compared to lifting based wavelets.    

V. Conclusion
The wavelet transform techniques based thresholding has been 
applied to perform a nonlinear smoothing of the log-periodogram 
and produce an automatic adjustment of the bandwidth to the data. 
The wavelet coefficients of the noise are treated as independent 
random variables. The presence of log-spectrum components 
are decided from binary hypothesis tests. The significance level 
of the test determines the desired noise/resolution tradeoff, and 
the thresholds are determined from the distribution of the noise 
coefficients. The Lifting scheme to construct Discrete Wavelet 
Transform has been presented. The numerical results suggest 
that this new methods are shown to be in agreement with those 
obtained from ordinary wavelet transform at the benefit of reduced 
computational time. The Gaussian approximation has been shown 
to be an effective tool for computing thresholds that attain a 
specified probability of false alarm. The estimation techniques 
studied in this paper do not assume a priori knowledge about 
the underlying spectrum, besides the presumption that the signal 
contains significant coarse-scale coefficients. When a priori 
information is available, special techniques may be developed 
to improve performance. 
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