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Abstract
Given a set of points P, a conflict-free coloring of P is an assignment 
of colors to points of P, such that there exist a point p in any 
subset of P whose color is distinct from all other points in that 
subset of P. This notion is motivated by frequency assignment 
in wireless cellular networks: one would like to minimize the 
number of frequencies (colors) assigned to base stations (points), 
such that within any range, there is no interference. We provide a 
framework for randomized conflict-free coloring (CF-coloring) 
any k-degenerate hypergraph. Our algorithm uses O(log n) colors 
with high probability. 
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I. Introduction
The study of conflict-free coloring is motivated by the frequency 
assignment problem in wireless networks. A wireless network is 
a heterogeneous network consisting of base stations and agents. 
The base stations have a fixed location, and are interlinked via 
a fixed backbone network, while the agents are mobile and can 
connect to the base stations. All base stations are assigned fixed 
frequencies to enable links to agents. The agents can connect to any 
base station, provided that the radio link to that particular station 
has good reception. Good reception is only possible if:

Base station is located within range, and• 
No other base station within range of the agent has the same • 
frequency assignment (to avoid interference).

Thus the fundamental problem of frequency-assignment in 
cellular networks is to assign frequencies to base stations, such 
that an agent can always find a base station with unique frequency 
among the base stations in its range. Naturally, due to cost and 
other restrictions, one would like to minimize the total number 
of assigned frequencies.
We start by defining the definition of conflict-free coloring in 
section II. In section III, we define the definition of hypergraph and 
its related terms. A randomized conflict-free coloring algorithm for 
graphs and hypergraphs is presented in Section IV. This algorithm 
is then proven with the help of some examples in section V. In 
Section VI we conclude the result and finally, Section VII contains 
references.

II. Conflict-Free Coloring
The study of the frequency assignment problem was initiated in 
[1], and continued in a series of papers [2-7]. A formal and more 
general definition of CF-coloring is given as follows:

A. Definition 1 (Range Space)
\Range Space is defined by a pair (X, R) where X is a set of 
vertices, and R is a family of subsets of X. The subsets in R are 
called ranges.

B. Definition 2 (CF-coloring)
Let (X, R) be a range space. A coloring R → N, which maps R 
to the set of natural numbers N, is conflict-free if for every vertex 
x  X, there is an r  R such that x  r and (r) ≠ (r’) for all 
other ranges r’ containing x.
In the literature, the frequency allocation problem was also 
modeled as a dual of the CF-coloring problem. The dual problem 
treats the base stations as vertices and ranges as the subsets of 
base stations within some geometric regions. The goal of the dual 
problem is to find a conflict-free coloring of the vertices such that 
for any range, there is always a vertex among the vertices in the 
range with a unique color.

C. Definition 3 (Dual CF-Coloring)
Let (X, R) be a range space. A coloring φ: X → N is conflict-free 
if for every range  r  R, there exists a vertex x  r such that φ(x) 
≠ φ (x’) for all other x’  R.
Note that the dual CF-coloring problem can be seen as a 
generalization of the traditional graph coloring problem. We can 
consider a range space as a hypergraph. When every range in 
the range space contains exactly two vertices, the range space is 
equivalent to a graph where a dual CF-coloring of the range space 
is also a vertex coloring of the graph.
It can be formally described as follows. Let  be a set 
of points and R be a set of ranges (e.g. the set of all discs or 
rectangles in the plane). A conflict-free coloring (or CF-coloring) 
of P w.r.t. the range R is an assignment of a color to each point p 

 P such that for any range T  R with T ∩ P ≠ 0, the set T ∩ P 
contains a point of unique color. Naturally, the goal is to assign a 
conflict-free coloring to the points of P with the smallest number 
of colors possible.
The work in [1], presented a general framework for computing 
a conflict-free coloring for several types of ranges. In particular, 
for the case where the ranges are discs in the plane, they present 
a polynomial time coloring algorithm that uses O(log n) colors 
for conflict-free coloring and this bound is shown to be tight. This 
result was then extended in [3], by considering the case where the 
ranges are axis-parallel rectangles in the plane. 
Our goal is to find an algorithm that minimizes the maximum 
total number of colors used (where the maximum is taken over 
all permutations of the set V). We present a general framework 
for CF-coloring any hypergraph. Interestingly, this framework is 
a generalization of some known coloring algorithms. For example 
the Unique-Max Algorithm of [4], can be described as a special 
case of our framework. Also, when the underlying hypergraph 
is a simple graph then the First-Fit online algorithm is another 
special case of our framework.
As demonstrated in [4], the problem of online CF-coloring, the 
very special hypergraph induced by points on the real line with 
respect to intervals, is highly non-trivial. Kaplan and Sharir [9] 
studied the special hypergraph induced by points in the plane with 
respect to halfplanes and unit discs and obtained a randomized 
online CF-coloring with O(log3 n) colors with high probability. 
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III. Preliminaries

D. Definition 4
Let H = (V, ε) be a hypergraph. For a subset V’  V, let H(V’) 
be the hypergraph (V’, ε') where ε'  = {e ∩ V’ | e  ε}. H(V’) is 
called the induced hypergraph on V’.

E. Definition 5
For a hypergraph H = (V, ), the Delaunay graph G(H) is the simple 
graph G = (V, E) where the edge set E is defined as E = {(x, y) | 
{x, y}  } (i.e., G is the graph on the vertex set V whose edges 
consist of all hyperedges in H of cardinality two).

Fig. 1: Hypergraph G(V,E) where
V = {1, 2, 3, 4, 5, 6}
E = {{1, 2, 3}, {1, 3, 4, 5}, {3, 6}}

F. Definition 6
A simple graph G = (V, E) is called k-degenerate (or k-inductive) 
for some positive integer k, if every (vertex-induced) subgraph 
of G has a vertex of degree at most k.

G. Definition 7
Let k > 0 be a fixed integer and let H = (V, ε) be a hypergraph 
on n vertices. Fix a subset V’  V. For a permutation π of V’ 
such that V’ = {v1,..., vi} (where, i = |V’|) let Cπ(V’) =  
where, d(vj) = |{l < j|(vj , vl)  G(H({v1, ..., vj}))}|, that is, d(vj) 
is the number of neighbors of vj in the Delaunay graph of the 
hypergraph induced by {v1, ..., vj}. Assume that  V’  V and for 
all permutations π  S|V’| we have Cπ(V’) ≤ k |V’|. Then we say 
that H is k-degenerate.

IV. Randomized CF-Coloring Algorithm
There is a randomized CF-coloring model that always produces a 
valid coloring and the number of colors used is always minimum. 
Proofs will be included in a next part of this paper.
A vertex coloring of hypergraph ),( EVG  is called 
conflict-free if in every hyperedge e, there is a vertex whose color 
is unique among all other colors in the hyperedge.
Formally,                                                             

Algorithm
Initialize set V with all the vertices and variable i with 1.1. 
Select any vertex from V with minimum degree, say v2. i.
Find all its non-adjacent vertices & put those vertices in G3. i 
including vi.
For any vertex v 4.  Gi (excluding vi), find and remove all its 
adjacent vertices from Gi.
Repeat Step 4 until all vertices are non-adjacent 5. 
Remove all vertices from V which belongs to G6. i and color 

it with i.
Repeat step 2 to 6 until V is empty and increases the value 7. 
of i by 1 in every iteration.

First of all, we have to draw a graph w.r.t. the dual problem of CF 
coloring. This graph may result in a hypergraph. Now, we have 
to assign all the vertices in a set V. Initially this set V contains 
all the vertices in the graph (or hypergraph). Also initialize a 
variable i with 1. 
After initialization, select any vertex vi from V. Find all the non-
adjacent vertices of vi and remove those vertices from V & add into 
another set Gi including vi. Now remove all the adjacent vertices 
from Gi which are adjacent to each other. Now Gi contains only 
those vertices which are non-adjacent to each other. Color these 
vertices of Gi with color i. Repeat these steps until V is null and 
all the vertices got a color. After every step increase the value of i. 
The total number of colors used is i. Hence, we required i number 
of colors to color our graph in a conflict-free coloring manner.

V. An Illustrated Examples
Let us take an example of a graph that has 8 vertices. We apply 
our randomized algorithm on this graph shown in fig. 2.

Fig. 2: A Graph with 8 Vertices

Initialize:
V = {v1, v2, v3, v4, v5, v6, v7, v8} and i = 1.

Apply algorithm:
Let we select vertex v1. 6.
G2. 1 = {v1, v2, v3, v4, v6, v8}.
Remove v3. 2, v4, v8 from G1 then G1 = {v1, v3, v6}.
V={v4. 2, v4, v5, v7, v8}.Color G1 with 1 i.e. G1={v1, v3, v6}

 1
Let we select vertex v5. 8.
G6. 2 = {v2, v4, v5, v8}.
Remove v7. 5 from G2 then G2= {v2, v4, v8}.
V = {v8. 5, v7}. Color G2 with 2 i.e. G2 = {v2, v4, v8}  2
Let we select vertex v9. 5.
G10. 3 = {v5, v7}.
Remove null from G11. 3 then G3 = {v5, v7}.
V = null. Color G12. 3 with 3 i.e. G3 = {v2, v4, v8}  3

Total color used is 3.
 Again take another example of a graph has 11 vertices. We apply 
our randomized algorithm on this graph shown in fig. 3.
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Fig. 3: A Graph with 11 Vertices

Initialize:
V = {v1, v2, v3, v4, v5, v6, v7, v8, v9, v10, v11} and i = 1.

Apply algorithm:
Let we select vertex v1. 4.
G2. 1 = {v1, v2, v4, v6, v7, v8, v9, v10, v11}.
Remove v3. 2, v7, v8, v10, v11 from G1 then
G4. 1 = {v1, v4, v6, v9}.
V = {v5. 2, v3, v5, v7, v8, v10, v11}. Color G1 with 1 i.e. G1 = 
{v1, v4, v6, v9}  1
Let we select vertex v6. 3.
G7. 2 = {v3, v5, v8, v10, v11}.
Remove v8. 11 from G2 then 
G9. 2 = {v3, v5, v8, v10}.
V = {v10. 2, v7, v11}. Color G2 with 2 i.e. G2 = {v3, v5, v8, v10} 

 2
Let we select vertex v11. 11.
G12. 3 = {v2, v7, v11}.
Remove v13. 7 from G3 then G3 = {v2, v11}.
V = v14. 7. Color G3 with 3 i.e. G3 = {v2, v11}  3
Let we select vertex v15. 7.
G16. 3 = {v7}.
Remove null from G17. 4 then G4 = {v7}.
V = null. Color G18. 4 with 4 i.e. G4 = {v7}  4.

Total color used is 4.

VI. Conclusion
In this paper, we presented randomized CF coloring algorithms for 
graphs and hypergraphs in the plane, using O(log n) colors with 
high probability. The presented algorithm solves the frequency-
assignment problem with minimum number of colors.
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