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Abstract
One of the necessary and useful image features in recognizing the 
images successfully is scale invariance. In this paper, we analyzed 
the effect of scaling on angular radial transform and polar harmonic 
transforms by computing deviation in each transform coefficient of 
scaled image and the original image at the same coefficient. These 
transforms help in extracting the features of an image which are 
useful for image recognition applications. But due to the presence 
of the sinusoidal functions, these transforms produce very high 
computational time complexity. Owing to this fact, we used few 
scale invariant coefficients instead of using all coefficients in face 
recognition application. On the basis of these results, the most 
tolerable coefficients are found out for each transform. Then, by 
using only 30% to 70% coefficients which produced the least scale 
deviation, in the application of face recognition, we reduced the 
time complexity while keeping the recognition rate intact. 
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I. Introduction
An image can be described by many visual features such as color, 
texture, shape. Among them, shape is the most important feature 
for recognizing the images. For making the pattern recognition 
systems to be able to recognizing the images irrespective of scaling, 
rotation, translation etc., we can use various shape descriptors that 
are invariant to these changes. Bober [1] proposed two types of 
descriptors that can be used in these recognition applications - 
region based and contour based. Region based shape descriptors 
deal with all the pixels within a region for shape representation, 
while contour based shape descriptors express shape properties 
of the object boundary. Contour based shape descriptors are not 
suitable for shapes containing multiple disconnected regions [2]. 
Shape descriptors are the transforms. The transform is a scalar 
quantity which represents the function to change the default 
representation space of a digital image i.e. from some spatial 
domain to other transformed domain, so that all the information in 
the image is preserved in the transformed domain, but represented 
differently and the transform should be reversible.  
Hu [3] firstly introduced the use of image moment invariants 
for 2D pattern recognition applications. ART [1] is a region 
based descriptor in MPEG-7, which deals with all the pixels 
within a region for shape representation. It gives a compact and 
efficient way of describing properties of multiple disjoint regions 
simultaneously [1]. ART is highly robust to Gaussian noise, salt 
and pepper noise, even at high levels of noise [4]. ART has been 
used in many pattern recognition applications like face recognition 
[6], intelligent video surveillance system [7], logo recognition 
[2]. Besides pattern recognition applications, ART is also used in 
other image processing applications like image retrieval [5], image 
watermarking [8]. ART gives a high computational complexity 
due to sinusoidal functions. To reduce computational complexity, 

Hwang and Kim [9] proposed the fast technique. Polar Cosine 
Transform (PCT), Polar Sine Transform (PST), Polar Complex 
Exponential Transform (PCET) proposed by Yap et al [10] are 
collectively known as Polar Harmonic Transforms (PHT). The 
basis functions of PHTs are orthogonal [10]. The feature of 
orthogonality guarantees that the contribution of each coefficient 
to the entire image is unique [11]. PST shows the worst results 
in reconstruction of an image by producing the dark spots at the 
centre of reconstructed image, even at the low order and this 
behavior goes on worse with the increasing order [12]. Like ART, 
PHTs are used in many applications like fingerprint classification 
[13], thumb pore identification [14], character recognition [15] 
and also in other application areas like in the area of image 
retrieval, image data mining, biomedical imaging, face detection 
and texture classification [14].  PHTs have higher computational 
time complexity than ART, due to presence of sinusoidal functions 
in both radial and angular parts of basis functions. To reduce this 
complexity, fast algorithms [12, 16] were proposed.
We have used the traditional approach in computing the coefficients. 
For reducing the time complexity of face recognition using these 
transforms, we proposed the use of reduced number of coefficients 
which produce the least scaling deviation rather than using all 
coefficients.
This paper presents our work on the scaling effect on various 
transforms: ART, PCT, PST, PCET. In section II, we discussed 
about the mathematical description of these transforms. In section 
III, we will discuss computational framework of the transforms. 
In section IV, firstly, we will analyze the results of the effect 
of scaling on transforms for computing the least scale deviating 
transform and then, we will apply the scale invariant results on a 
face recognition application.

II. Mathematical Description
For a given image function, f(x,y), of size N×N pixels defined 
in a two-dimensional cartesian coordinate system, the transform 
invariants are defined over the unit disk in continuous polar domain. 
ART and PHTs are rotation invariant transforms. So, for achieving 
the scale invariance, we have to normalize the coordinates to 
get a new image, f"(x",y"), before the computation of transform 
coefficient i.e. Fnm. To obtain the normalized coordinates x" and 
y", we will use the following equations:

 and    (1)

r is radius,               (2)

 is the centroid.

After normalization, we compute the transform coefficient Fnm of 
order n and repetition m defined over a unit disk in the continuous 
polar domain is defined as:
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  (3)

such that  is radius and θ = arctan (y/x) and ƛ is 
normalization constant.  is the complex conjugate of the 
basis function Vnm(r,θ). It is separable along radial and angular 
parts:
Vnm (r,θ) = Rn (r) Am (θ)    (4)

The angular function Am (θ) = ejmθ provides rotational invariance, 
it is same for each transform where j = √(-1). The radial function 
is unique to each transform. 

A. Angular Radial Transform
The radial function of ART basis function for n ≥ 0, |m| ≥ 0 is 
given by:

  (5)

and the normalization constant  is given by                                                                                                           

     (6)                               

B. Polar Cosine Transform
The radial function of PCT basis function for n ≥ 0, |m| ≥ 0  is 
defined as:

   (7)
and the normalization constant  is given by

  (8)

C. Polar Sine Transform
The radial function of PST n ≥ 1, |m| ≥ 0 is defined as:

   (9)
and the normalization constant  is given by

  (10)

D. Polar Complex Exponential Transform
The radial function of PCET |n| ≥ 0, |m| ≥ 0 is defined as:

   (11)
and the normalization constant  is given by :                                                    

     (12)

III. Traditional Computational Framework 
The image function, f(x,y) is defined in the cartesian coordinate 
domain, whereas transform invariants are defined over the unit disk 
in continuous polar domain. This image function can be converted 
into polar domain using a suitable interpolation process [17], 
but it will introduce interpolation error due to which accuracy in 
computation could be affected [18]. To avoid interpolation error, 

the traditional method [8] is used to compute transform coefficients 
in the cartesian domain directly by Zeroth-Order Approximation 
(ZOA) of the double integration involved in Eq. (3) as follows:

 (13)

such that ƛ is the normalization constant depending on the 
transform used and

 (14)

and the coordinate (xi, yk) is the centre of the square pixel grid 
(i,k), are given by

   (15)                                                                              

where

   (16)

IV. Empirical Results
We have performed the experiments in Visual C language in 
Microsoft Visual Studio 10 under Windows 7 environment on 
Intel Core(TM) 2 Duo processor with 3.00GB RAM and 32-bit 
OS. The scaling is done through Photo Shop Pro 5 software. 

A. Empirical Analysis of the Effect of Scaling on Various 
Transforms
The sample images (Fig. 1) to be analyzed are scaled at various 
scaling factors 0.25, 0.325, 0.5, 0.625, 1, 1.25, 1.5, 1.75, 2.0. The 
standard size is taken as 128 ×128. We have performed the ART 
and PHT transforms for inner disk at order nmax= 10 and repetition  
mmax = 10 on these 120 scaled images.

    
(a). Goldhill     (b)Pirate      (c)Barbara

    
(d). Cameraman              (e). Peppers       (f). Clock

    
(g). Mandril              (h). House       (i). Tree
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(j). Jet Plane        (k). Fishing Boat    (l). Bridge
Fig. 1: Sample Images

Firstly, the deviation between the scaled image and the original 
image coefficients is computed using the parameter Cnm [12]:

    (17)

Then, for analyzing the overall variation of scaling, we have used 
the parameter σ2 [12], for computing the average of deviations at 
all scaling factors of particular image.

   (18)

where s denotes the scaling factor and 10 is the total number of 
scaled images.  

Then, the average of the σ2  values for all the 12 sample images 
(fig. 1) is computed at each order and repetition shown in fig. 2 
for ART, fig. 3 for PST, fig. 4 for PCT, fig. 5 for PCET. While 
computing the average of all the 12 images, we have ignored 
some exceptional values. These exceptional values are those 
values which were exceptionally high for particular image as 
compared to the average values of the other images, at the same 
coefficient. While implementation, it was observed that the PCET 
was showing the very high deviating values at coefficient with 
high order and repetition. From these computed averages, we 
determined some scale tolerant transform coefficients, (n,m) (n is 
order and m is repetition), i.e. which show the least scale deviation 
for each transform,given as:

ART:  {(0,0),(0,1),(1,0),(1,1),(2,1),(3,0)}       
PST:   {(1,0),(2,1),(3,0),(5,0),(7,0),(9,0)}       
PCT:  {(0,0),(0,1),(1,1),(1,2),(2,1),(4,1)}       
PCET:{(0,0),(0,1),(0,4),(0,6),(0,7),(1,-2)}
and also the scale sensitive coefficients as:
ART: {(6,0),(8,0),(8,4),(9,8),(10,0),(10,1)}       
PST: {(8,7),(9,2),(9,3),(10,7),(10,8),(10,10)}       
PCT: {(6,0),(6,4),(7,0),(7,4),(9,4),(10,0)}       
PCET:{(9,0),(9,4),(9,8),(10,0),(10,4),(10,8)}       

PST produced the best scale invariant results while PCET produced 
the worst results. The results of the minimum and the maximum 
deviations at each scaling factor with respect to each transform 
are shown in fig. 6. 

Fig. 2: Average Deviation of 12 Sample Images Using ART

Fig. 3: Average Deviation of 12 sample images using PST

Fig. 4: Average Deviation of 12 Sample Images Using PCT
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Fig. 5: Average Deviation of 12 sample images using PCET.

Fig. 6: Average Minimum and Maximum Deviation of Different 
Transforms. The Dotted Lines Show the Minimum Values and 
Solid Lines Show the Maximum Values of Deviation

From the fig. 6, it is clearly visible that the scale deviation is 
severely affected when the scaling factor is less than 1.0. This 
occurs due to low resolution because when we map the square 
image to the circle, the radius of the circle becomes very less, 
thereby the area of circle and the number of pixels involved in 
the computation of the image becomes same, lesser or slightly 
higher than the number of pixels left behind. While in the case of 
high scaling factors, the resolution of the image becomes high. 
Then, the area of the scaling becomes also high and the number 
of pixels involved in the computation of the image also gets 
higher than the number of pixels left. Our aim in computing the 
average values is to find out the minimum deviating coefficients 
in ascending order, so that we can use only few coefficients 
rather than using all coefficients so that the computation time 
gets reduced, but efficiency rate remains intact. Ignoring the 
exceptional values while computing the average, shows that the 
results were image dependent. So, we cannot use the result of 
least deviating coefficients in the face recognition application. 
Therefore, for particular database of images, we analyzed that 
particular database for our least scale deviating transforms i.e. 
PST and PCT, and then we will apply those most scale tolerant 
coefficients in the application of face recognition. 

B. Face Recognition Application Using Reduced 
Coefficients
The face recognition application is used to recognize the similarity 
between the images irrespective of various distortion factors, and 
we are working on one of these factors i.e. scaling. In order to 
do that, we extracted the features of the images using the least 
deviating transforms (resulted from the analysis of deviation for 
each transform) i.e. PST and PCT. Then the feature matching has 
been done between the test images and the trained images present 
in our database using the Euclidean distance measure, ED [2]:

   (19)

where FD,  is the images in database and FQ is the test image 
presented to the application,  are features 
extracted from the images in database,  are 
features extracted from the test image and n is the number of 
these features. The trained image for which the ED results 
minimum value, are considered as the coefficient for matching 
the images. 
We have used the AT&T “The Database of Faces” (formerly 
“The Olivetti Research Lab (ORL) Database of Faces”) [19] 
for face recognition application, from which we have applied 
our experimentation on different variations of the 20 images. 
Firstly, we have used the 100 images with standard size taken 
as 128×128 from the first 5 variations of each of the first 20 
images for analysis using the same procedure as that of 12 sample 
images (fig. 1). From this, we computed the most scale tolerant 
coefficients and arranged them in ascending order for PST and 
PCT. Then, we applied these results in for the face recognition 
and analyzed the recognition rate by using 10% to 100% scale 
tolerant coefficients. For testing on the application, we have taken 
the remaining variations of the first 5 images as the trained images, 
which worked as our database of the original images. Then the 
900 test images are obtained with the various scaling sizes i.e. 
25×25, 64×64, 75×75, 100×100, 128×128, 150×150, 170×170, 
220×220, 256×256 of each of the remaining 5 variations of first 
20 images. Then, we compared the recognition rate considering 
all and reduced number of coefficients. Fig. 7 is comparing the 
results of the recognition rate for PST and PCT for different 
percentage of coefficients, and we can see that PST is showing 
the best results. We have considered only those coefficients which 
produce unique values, i.e. for ART and PCT, total number of 
coefficients is 121, for PST, total number of coefficients is 110, 
for PCET, total number of coefficients used are 421. Then the 
face recognition is done using reduced number of coefficients, 
i.e firstly by 10% most scale tolerant coefficients, and then by 
using 20% most scale tolerant coefficients, then by 30%, and so 
on. This procedure goes up to 100% coefficients. This work is 
shown in Table 1, which shows the recognition rate along with 
the computational time taken in face recognition using different 
number of scale invariant coefficients. In this way, by using the 
reduced no. of coefficients, we are achieving the best recognition 
rate while reducing time complexity. From the fig. 7, it is clearly 
visible that the PST is showing best recognition rate by using 
only 30% of total coefficients, and reduced time.
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Fig. 7: Recognition rate of PST and PCT Using Reduced Number 
of Coefficients

Table 1: Recognition Rate and Computational Time Taken 
Corresponding to the Different Number of Coefficients for PST 
and PCT

No. of 
coeffici-
ents (%)

PST PCT

Recognition 
rate(%)

Time
(in 
seconds)

Recognition 
rate(%)

Time (in  
seconds)

10 72.8 84 69.1 94
20 75.6 167 72.7 175
30 80.8 215 74.1 256
40 80.9 340 79.3 380
50 80.9 440 79.1 453
60 79.8 460 79.4 510
70 80.4 501 81 557
80 80.6 656 81.2 676
90 80.4 679 81.3 768
100 81 787 74.4 878

The 30% most scale tolerant coefficients, used in the face 
recognition, are given in the form of (n,m), where n is order and 
m is coefficient for nmax = 10, mmax = 10 as: 

For PST: {(1,0), (5,0), (3,0), (7,0), (9,0), (6,0), (2,0), (4,0), (2,1), 
(1,1), (1,3), (2,4), (2,2),(8,0), (4,2), (2,5), (2,3), (10,0), (4,1), (1,2), 
(1,4), (2,7), (3,2), (2,9), (1,5), (3,3), (1,7), (1,6), (4,5), (3,7), (3,4), 
(4,3), (1,8)}.
For PCT: {(0,0), (1,0), (0,2), (0,1), (3,1), (1,2), (0,5), (1,1), (2,2), 
(2,6), (1,7), (0,3), (0,6), (0,7), (2,7), (3,3), (1,4), (2,3), (2,5), (3,6), 
(3,2), (1,5), (3,7), (2,1), (1,3), (3,5), (0,8), (5,2), (4,9), (5,3), (0,4), 
(1,9), (4,1), (1,6), (6,1)}.

Above transform coefficients are determined through the analysis 
of 100 images of ORL database [19] and applied in the face 
recognition.

Anomaly: While tracing the results of the analysis in face 
recognition application using PCT as shown in Table 1, we have 

observed that when we are using the 40% to 90% coefficients for 
recognition, the recognition rate results are quite high (approx.79% 
to 81%) as compared to the recognition using 100% coefficients 
which is only approximately 74%. With the increase in number 
of coefficients, the recognition rate should also be increased, 
but it is decreasing in case of PCT. This anomaly occurs due to 
the inclusion of the most scale sensitive coefficients, i.e. which 
show very high deviation even at small changes, in the overall 
coefficients. In addition to this reason for anomalous behavior, 
it is also attributed to the inaccuracy in the computation of the 
transform coefficients arising due to geometric error and numerical 
instability when computed using ZOA. The use of more accurate 
and numerical methods proposed by Singh and Upneja, [20] for 
the computation of coefficients can be used to overcome this 
anomaly in future.

V. Conclusion
Scale invariance is one of the important requirements in pattern 
recognition applications. We have analyzed the effect of scaling 
on the transforms i.e. angular radial transforms and polar harmonic 
transforms and computed most tolerant coefficients. These results 
are used for the face recognition application in such a way so 
that we can achieve the same recognition rate by using the less 
number of coefficients while reducing the time of computation. 
We concluded the results as:

The analysis of the scaling effect on the transforms has shown 1. 
the image dependent results and produced some exceptional 
high values.
PST produces the least scale deviation.2. 
PCET produces the most scale deviation.3. 
The scale deviation values are severely affected when the 4. 
scaling factor is less than 1.0.
The use of 30% least scale deviation coefficients for PST 5. 
produces the best recognition rate and computational time 
also gets reduced by 3.66 times.
The use of 70% least scale deviation coefficients for PCT 6. 
produces the best recognition rate and computational time 
also gets reduced by 1.57 times.
With the increase of no. of coefficients, the recognition rate of 7. 
the transforms should also be increased, but it is decreasing 
in case of PCT due to inclusion of most scale sensitive 
coefficients and inaccurate computation using ZOA.
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