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Abstract
Image moments capture global properties and moments like 
Zernike moments (ZMs), pseudo- Zernike moments (PZMs), 
orthogonal Fourier Mellin moments (OFMMs) and radial harmonic 
Fourier moments (RHFMs) are invariant to various geometric 
transformations like translation, scaling and rotation, which make 
them useful for many image recognition applications. In this paper, 
we analyze the effect of scaling on ZMs, PZMs, OFMMs and 
RHFMs for maximum order and repetition up to 10 and propose 
the usage of reduced number of coefficients for face recognition. 
Experimental results show that ZMs and PZMs perform better with 
respect to scale invariance property than OFMMs and RHFMs 
and they give satisfactory result even when approximately 60% 
of total ZM coefficients and 50% of total PZM coefficients are 
used for face recognition. 
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I. Introduction
Face recognition is a major research area in present scenario. 
Contour based descriptors and region based descriptors are the 
two types of descriptors used for shape representation. Contour 
based descriptors capture local characteristics of the image and 
are associated with boundaries in the shape. Moments come 
under region based descriptors which provide features that are 
extracted from the whole image, hence represent global aspects 
of the shape [1].
Hu [2] introduced moment invariants based on the methods of 
algebraic invariants. Hu derived a set of seven invariant moments 
using nonlinear combination of geometric moments which are 
invariant under image translation, scaling and rotation. Based 
on the class of Zernike polynomials, Teague [3] introduced 
Zernike moments in 1980. Their features like excellent image 
reconstruction in terms of finite number of moments, minimum 
information redundancy, better immunity to noise make them 
useful in applications such as image reconstruction [4], edge 
detection [5], content based image retrieval [6] etc. Bhatia and 
Wolf [7] introduced pseudo- Zernike moments. For a given order 
of moments, PZMs provide approximately twice the number of 
coefficients than ZMs, hence they are computationally more 
intensive. Application areas of PZMs include optical character 
recognition [8], audio watermarking [9] etc. Orthogonal Fourier- 
Mellin moments were introduced by Sheng and Shen [10]. Radial 
polynomials of OFMM are orthogonal. OFMMs are used in various 
fields like optical character recognition [11], object recognition 
[12], face recognition [13] etc. Ren at al. [14] introduced 
radial harmonic Fourier moments. RHFMs possess properties 
like magnitude invariance, minimum information redundancy, 
resilience to noise etc. Their areas of applications include tumor 
cell recognition [15,16], optical character recognition [17] etc. Our 
work is inspired from the work done in [18] in which the effect 
of noise induced by transformations like rotation and scaling on 

Zernike moments, Fourier- Mellin moments, complex moments, 
wavelet moments have been analyzed.  
The above stated properties and wide areas of applications 
of moments have motivated us to empirically analyze the 
effect of scaling on moment coefficients for face recognition. 
Common problem associated with moments is that they become 
computationally difficult at high order. The proposed method 
includes usage of reduced number of moment coefficients for 
face recognition which also reduces the recognition time. In this 
paper, we empirically analyze the effect of scaling on moment 
coefficients and find out the robust and sensitive moment 
coefficients under scaling operation and use these robust moments 
for face recognition. 
This paper is organized as follows: Section II gives mathematical 
description of rotation invariant moments. Section III gives 
introduction to traditional computation framework. Empirical 
analysis of moment coefficients under scaling and empirical 
analysis of moment coefficients for face recognition are given 
in Section IV and Section V respectively. Section VI represents 
conclusion to the work done.

II. Mathematical Description of Rotation Invariant 
Moments
Let f(x,y) be the image function of size N×N pixels defined in 
the Cartesian coordinate system. Rotation invariant moment 
coefficient, Fpq, is defined in continuous polar domain over unit 
disk and is given as: 

  (1)

where f(r,θ) is the continuous image function, p is the order, q is 
the repetition,  0 ≤ r ≤ 1, θ = arctan (y⁄x), 0≤ θ ≤ 2π, 
λ= normalization constant. 
V *pq (r, θ) is complex conjugate of the basis function Vpq (r,θ). The 
basis function Vpq (r,θ) consists of radial part Rpq (r) and angular 
part Aq(θ), i.e.,
Vpq (r, θ)=Rpq (r) Aq (θ)    (2)
Rpq (r) decides the type of moment. To provide rotation invariance,  
Aq (θ) is given as:
Aq (θ) = ejqθ, j = √(-1)    (3)
Rotation invariant moment coefficients are made translation and 
scale invariant using some geometric transformations. 

Different types of moments used in analysis of images are: 

A. Zernike Moments (ZMs)
Zernike moments, Zpq are defined in continuous polar domain 
over unit disk in the following way:

 (4)

where     (5)
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Radial part, , of ZMs is given as:

 (6)

where p ≥ 0, |q| ≥ 0  and |q| ≤p, p-|q| is even

For given maximum order p = pmax, total number of ZM coefficients 
generated are:

B. Pseudo Zernike Moments (PZMs) 
PZMs differ from ZMs in terms of their radial part. Radial part 
of PZMs,  is given as:

 (7)

where p ≥ 0, |q| ≥ 0 and |q| ≤p 

For given maximum order p = pmax, total number of PZM 
coefficients generated are (1+pmax)

2

C. Orthogonal Fourier Mellin Moments (OFMMs) 
Orthogonal Fourier Mellin moments, Opq, are defined in continuous 
polar domain over unit disk in the following way:

 (8)

Radial part of OFMM,  is given as:

 (9)

where  p ≥ 0, |q| ≥ 0 

For p = pmax  and q=qmax total number of OFMM coefficients 
generated are (1 + pmax)(1+ 2qmax)

D. Radial Harmonic Fourier Moments (RHFMs)
Radial harmonic Fourier moments, Hpq, for order p ≥ 0 and 
repetition |q| ≥ 0 are defined in continuous polar domain over 
unit disk in the following way:

  (10)

Radial part of RHFM is sinusoidal function in r and is given as:

 (11)

For p = pmax  and q = qmax, total number of RHFM coefficients 
generated are (1+ pmax) (1+2qmax)

III. Traditional Computation Framework
Image function, f (x,y), is usually discrete, defined in domain 
[0, N-1] × [0, N-1]. But moment invariants are defined in continuous 
polar domain over unit disk. In the traditional framework, Fpq 
is directly computed in Cartesian domain using Zeroth- Order 
Approximation (ZOA) of the double integration involved in 
moment computation given in Eq. (1) and is given as [19]: 

  (12)

such that

    (13)

and     (14)

(xi , yk) coordinate is given as:

  (15)

where i, k = 0, 1, 2,…, N-1
(xi , yk) represents the centre of the square pixel grid (i, k). 
The mapping changes the square domain into approximated unit 
disk. We have used inner circular disk contained in the square 
image for the analysis.

IV. Empirical Analysis of Moment Coefficients Under 
Scaling
For image functions in discrete domain, geometrical error 
is caused due to the mapping of square image onto unit disk 
and numerical integration error is caused due to the usage of 
zeroth- order approximation in traditional approach for solving 
the double integration involved in moment computation. These 
errors severely affect the invariance property of moments. The 
quantitative variation of moment coefficients under scaling 
transformation is computed as [20]:

  (16)

where sj = 0.25, 0.375, 0.5, 0.625, 0.75, 1.0, 1.25, 1.5, 1.75, 2.0 
and sj = 1.0 for image size 128×128 pixels. Fp q  (sj) represents 
value of the moment coefficient Fp q at scaling factor sj. 

Analysis has been done in Microsoft Visual  C++ 2010 Express 
edition  under Microsoft Windows environment on a PC with 2.50 
GHz CPU and 4GB RAM. 

For the analysis, first we compute σ 2 of the 12 standard grayscale 
images given in fig. 1, of size 128  × 128 pixels, for maximum order 
and repetition up to 10. Then we take average of results for these 12 
images. After this we find the most stable and most sensitive moment 
coefficient. E.g. to analyze the images for Zernike moments, we 
initially find σ 2 of the Zernike coefficients of the images given in 
fig. 1. Then we take average of the results obtained. Out of these 
average values, we find the most scale invariant coefficient i.e. 
the coefficient for which average variation is minimum and the 
most scale sensitive coefficient i.e. the coefficient for which the 
average variation is maximum. The process is then repeated for 
PZMs, OFMMs and RHFMs. 
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            (j)                             (k)                            (l)
Fig. 1: Twelve Standard Grayscale Images Used in Analysis

Fig. 2: Average Variation of Each ZM Coefficient 

Fig. 3: Average Variation of each PZM Coefficient

Fig. 4: Average Variation of Each OFMM Coefficient

Fig. 5: Average variation of each RHFM coefficient.

Fig. 2, Fig. 3, Fig. 4 and Fig. 5 gives the average variation of 
each coefficient for ZM, PZM, OFMM and RHFM respectively. 
Besides the coefficient F0 0, from fig. 2 it is clear that 

Fig. 6:  Average Spq (s) of moment coefficients showing minimum 
and maximum average variation

for ZMs the average variation is minimum for coefficient Z2 2 
and maximum for coefficient Z6 0. For PZMs, from fig. 3, we 
observe that average variation is minimum for coefficient PZ2 1 
and maximum for coefficient PZ7 0. From fig. 4 we observe that 
average variation is minimum for coefficient O0 1  and maximum 
for coefficient O7 8 for OFMMs. For RHFMs from fig. 5 we observe 
that minimum and maximum average variation is for coefficients 
H3 0  and H10,8 respectively. The behavior of RHFMs is slightly 
different as the average variation is quite low when p is an odd 
integer (p = 1,3,5,7) and q is 0 for the moment coefficient Hpq  .i.e.  
for coefficients H1 0, H3 0, H5 0, H7 0, the average variation comes 
out to be lower than H0 1.



IJCST  Vol. 6, ISSue 2, AprIl - June 2015  ISSN : 0976-8491 (Online)  |  ISSN : 2229-4333 (Print)

w w w . i j c s t . c o m 240   InternatIonal Journal of Computer SCIenCe and teChnology

For comparison between ZMs, PZMs, OFMMs, RHFMs we use 
another parameter Spq (s) which is given as [20]:

    (17)

where s = 0.25, 0.375, 0.5, 0.625, 0.75, 1.0, 1.25, 1.5, 1.75, 2.0 and  
s = 1.0 for image size 128 × 128 pixels. For the moment coefficients 
computing to minimum and maximum average variation obtained 
from previous analysis, we find Spq (s) for them at each scaling 
factor for the images given in fig. 1 and take their average. The 
result is plotted in fig. 6. From fig. 6. we observe that range of 
values under which the average Spq (s) of the moment coefficients 
lie is higher for OFMM and RHFM than PZM and ZM. Among 
ZMs and PZMs, ZMs perform slightly better than PZMs. Since 
ZMs and PZMs outperform others, they are used in the face 
recognition application.
Some Exceptional Cases: Value of  Spq (s) for moment coefficient 
PZ 7 0  computed to high value at all scaling factors for image 1(i) 
while being low for other images. This shows that results obtained 
are image dependent. These exceptionally high values were left 
while calculating average variation and average Spq (s).

V. Empirical Analysis of Moment Coefficients for Face 
Recognition
Face recognition has wide area of applications and is a major 
research area. Both low and high order moment coefficients take 
part in the recognition as low order moments capture global 
characteristics while high order moments capture fine details 
of the image [21]. Robust moment coefficients are not highly 
affected by the scaling operation, hence are very useful for face 
recognition.
We have used the AT&T database (formerly the ORL database of 
Faces) [22] for our experimentation. The database has images of 
40 persons and there are 10 images for each person. Each image 
is of size 92 × 112 pixels. Out of the 40 person’s images, first 
20 person’s images, each being resized to size 128 × 128 pixels 
before their usage has been used for face recognition.
Training DB: For each person’s 10 images, first 5 images for each 
person form the training set, making total images in the training 
set equal to 100.
Test DB: For each person’s 10 images, last 5 images for each 
person, each being scaled to sizes of  25 × 25, 64 × 64, 75 × 75, 
100 × 100, 128 × 128, 150 × 150, 170 × 170, 220 × 220, 256 ×  
256 form the test set, making total images in the test set equal 
to 900.
Face recognition has been done for ZMs and PZMs. Initially we 
analyze the training DB images using Eq. (16) with the same scaling 
factors as used in the experimentation earlier. Using this analysis, 
we find the 10% coefficients having least average variation.  These 
10% coefficients are the most scale invariant. Then we find 
percentage of coefficients with least average variation from 20% 
up to 100%, increasing the percentage of moments by 10% each 
time. These results are then used for face recognition of the test 
DB i.e. we perform face recognition of the test DB starting from 
10% coefficient usage up to 100% coefficients usage. With the 
increase in percentage of coefficients usage, more scale sensitive 
moment coefficients get added up. We try to find the percentage 
of coefficients that provide tradeoff between recognition rate and 
recognition time.  Euclidean distance has been used for comparing 
the extracted features. The results of this analysis are given in 
Table 1 and Fig. 7.

From Table 1 and fig. 7 we can observe that recognition rate 
for ZMs and PZMs increases as the percentage of coefficients 
included for the recognition application increases. Using 60% 
of the total coefficients for ZMs, the recognition rate comes out 
to be 78.78% and the maximum recognition rate of 80.67% is 
achieved by using 90% of total coefficients. Similarly for PZMs, 
using 50% of the total coefficients, the recognition rate of 85% is 
achieved and the maximum recognition rate of 86.89% is achieved 
at 70% coefficients usage. Therefore we can conclude that ZMs 
provide satisfactory results at 60% of total coefficients   usage 
and PZMs gives satisfactory results at 50%   of total coefficients 
usage for face recognition. The satisfactory results at reduced 
number of coefficients usage also give the advantage of speedup 
of the recognition process.

Table 1: Recognition Rate and Recognition Time for Different 
Percentage of Moment Coefficients Used for Face Recognition
Percentage 
of moment 
coefficients 
used

Recognition rate 
(%)

Recognition time( 
seconds)

ZMs PZMs ZMs PZMs

10 49.56 63.67 88.04 96.84
20 63.11 78.11 92.94 109.85
30 69.89 80.00 104.81 125.86
40 73.33 84.22 116.59 140.49
50 77.33 85.00 124.74 161.94
60 78.78 85.33 141.04 185.07
70 78.44 86.89 148.77 199.15
80 79.44 84.11 168.83 223.31
90 80.67 81.44 176.75 239.21
100 79.33 81.56 186.57 264.72

Fig. 7: Recognition Rate for Different Percentage of Moment 
Coefficients Used for Face Recognition

60% ZM coefficients that provide satisfactory results are:
Z0 0, Z1 1, Z2 0, Z2 2, Z3 1, Z3 3, Z5 1, Z5 3, Z5 5, Z6 2, Z6 4, Z6 6, Z7 1, 
Z7 3, Z7 5, Z7 7, Z8 6, Z9 1, Z9 3, Z9 5, Z9 9, Z10, 2

50% PZM coefficients that provide satisfactory results are:
PZ0 0, PZ1 0, PZ1 1, PZ2 0, PZ2 1, PZ2 2, PZ3 1, PZ3 2, PZ3 3, PZ4 1, 
PZ4 2, PZ4 3, PZ4 4, PZ5 1, PZ5 4, PZ5 5, PZ6 1, PZ6 2, PZ6 4, PZ6 5, 
PZ6 6, PZ7 5, PZ7 6, PZ7 7, PZ8 2, PZ8 5, PZ8 6, PZ9 5, PZ9 6, PZ9 9,  
PZ10,2, PZ10,9, PZ10,10 
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Anomalous Behavior: The anomalous behavior of decrease 
in recognition rate with increase in number of coefficients used 
for recognition is observed. For ZMs the anomalous behavior is 
observed when we transit from 60% to 70% and from 90% to 100% 
of coefficients usage. For PZMs, it is observed when we transmit 
from 70% to 80% and from 80% to 90% of coefficients usage. The 
anomalous behavior is observed because at higher percentage of 
coefficients usage, more scale sensitive coefficients get added up 
which change rapidly with change in scaling factor, hence causing 
the abnormality. The anomalous behavior is also due to inaccurate 
computation of moments arising because of the geometrical error 
and numerical instability when they are computed using zeroth- 
order approximation in the traditional approach.

VI. Conclusion
In this paper, the behavior of ZMs, PZMs, OFMMs and RHFMs 
under scaling transformation for pmax and qmax up to 10 and 
application of ZMs and PZMs for face recognition have been 
analyzed. From the analysis we conclude the following results: 

ZMs and PZMs perform better with respect to scale invariance 1. 
property than OFMMs and RHFMs and ZMs perform slightly 
better than PZMs. 
ZMs and PZMs give satisfactory results for face recognition 2. 
when approximately 60% of total ZM coefficients and 50% 
of total PZM coefficients are used. 
Anomalous behavior of decrease in recognition rate with 3. 
increase in number of coefficients used for face recognition 
is observed. The reason for anomalous behavior is due to 
inclusion of scale sensitive moments when higher percentage 
of coefficients are used and also due to inaccurate computation 
of moments arising because of the geometrical error and 
numerical instability when computed using zeroth- order 
approximation in the traditional approach.

In future scope, more accurate and numerically stable methods 
can be used to overcome the anomaly
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