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Abstract
In this paper, we establish some common fixed point theorems 
in Intuitionistic fuzzy metric spaces using the (CLRg) property. 
Our results fuzzify, generalize and improve several results of 
metric spaces and fuzzy metric space into intuionistic fuzzy metric 
spaces .
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I. Introduction 
The idea of fuzzy set was first offered in 1965 by Iranian 
mathematician Prof.  L.  A. Zadeh [22]. Fuzzy set is characterized 
by a membership function which assigns each object to a grade of 
membership between zero and one. Following the concept of fuzzy 
set Kramosil and Michalek [10] introduced the concept of fuzzy 
metric space. George and Veeramani [5] modified the concept 
of fuzzy metric space by imposing some stronger conditions 
using continuous t-norm and defined the hausdorff topology of 
fuzzy metric spaces. Gregori and Sapena [7] defined the concepts 
of convergent sequene, Cauchy sequene, completeness and 
compactness in sense of fuzzy metric space. Grabiec [6] introduced 
the fuzzy version of Banach contraction principle.

Atanassov [2] introduced the concept of intutionistic fuzzy sets 
as a generalization of fuzzy sets and later there has been much 
progress in the study of intutionistic fuzzy sets by many authors. 
Park [14] introduced the notion of intuitionistic fuzzy metric 
spaces. Recently, in 2006, Turkoglu et al. [20] using the idea of 
intuitionistic fuzzy sets, defined the notion of intuitionistic fuzzy 
metric space with the help of continuous t-norm and continuous 
t-conorms as a generalization of fuzzy metric space due to 
Kramosil and Michalek [10]. Further, Turkoglu et al. [20] proved 
Intuitionistic fuzzy Banach and Intuitionistic fuzzy Edelstein 
contraction theorems.
Generalizing the concept of commuting mapping, Sessa [18] 
introduced concept of weakly commuting mapping. Generalization 
of compatible mappings is given by Jungck [9] and Pathak et al. 
[15], Turkoglu et al [20] introduced common fixed point theorems 
in intuitionistic fuzzy metric spaces. Recently Sintunavarat and 
Kuman[19] defined the notion of CLRg property. They showed 
that CLRg property never requires completeness of subspace.
In this paper we prove some common fixed point theorems in 
intuionistic fuzzy metric spaces using CLRg property. Our results 
generalize various known results of metric spaces to intuitionistic 
fuzzy metric spaces.

II. Preliminaries
Definition 2.1 (Schweizer and Sklar [17]). A binary operation 
*:[0,1]×[0,1]→[0,1] is called continuous t-norm if it satisfies the 
following conditions:

* is commutative and associative;1. 
* is continuous;2. 
a*1=a,for all a3. ∈[0,1]  ;
a*b≤c*d whenever a ≤  c and b ≤  d,  4. [0,1] ,,,  ∈dcbaallfor

Definition 2.2 (Schweizer and Sklar [17]). A binary operation ◊
:[0,1]×[0,1]→[0,1] is                                 
  called continuous t-conorm if it satisfies the following 
conditions:

◊1. is commutative and associative;
◊2.  is continuous;
a 0=a,for all a3. ∈[0,1];
whenever a 4. ◊ b ≤ c ◊ d, [0,1] ,,,  ∈dcbaallfor .

Remark 2.3 (Park[14]) The concepts of triangular norms (t-norms) 
and triangular conorms (t-conorms) are known as the axiomatic 
skeletons that we use for characterizing fuzzy intersections and 
unions, respectively. 

Definition 2.4 (Park[14]) An  intutionistic fuzzy metric space 
(IFMS) is a 5-tuple  (X, M, N,*, ◊) such that X is a non empty 
set, * is a continuous t-norm, ◊ is a continuous t-conorm M and N 
are fuzzy set on X×X×[0, ∞) satisfying the following conditions, 
for all x, y, z∈X and  s, t > 0:
1) M(x, y, t)+ N(x, y, t)≤ 1;
2) M(x, y, t)>0;
3) M(x, y, t)=1 if and only if x=y;
4) M(x, y, t)= M(y, x, t)
5) M(x, y, t) * M(y, z, s)≤ M(x, z, t+s);
6) M(x, y, .):[0, ∞)→[0, 1] is continuous;
7) N(x, y, t)>0;
8) N(x, y, t)=0 if and only if x=y;
9) N(x, y, t)= N(y, x, t);
10) N(x, y, t) * N(y, z, s)≥N(x, z, t+s);
11) N(x, y, .):[0, ∞)→[0, 1] is continuous,

then (M, N) is called an intuitionistic fuzzy metric on X. The 
functions M(x, y, t) and N(x, y, t) denote the degree of nearness 
and the degree of non-nearness between x and y with respect to 
t, respectively.

Remark 2.5 [14] 
Every fuzzy metric space (X,M,*) is an intuitionistic fuzzy metric 
space of the form (X, M, N,*, ◊) such that t-norm * and t-conorm◊ 
are associated as,  x ◊ y = 1 - ((1 - x) * (1 - y)) for any x, y   X.

Remark 2.6 [14]
In intuitionistic fuzzy metric space X, M(x, y, t) is non-decreasing 
and N(x,y, t)  is non-increasing for all x, y  X.
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Example 2.7 [14] 
Let (X, d) be a metric space. a *b = ab and a ◊ b =  min {1, a + 
b} for all a,b ∈[ 0,1] and let, 

for all h, k, m, n ∈ R then, (X, M, N,*, ◊ ) is an intuitionistic 
fuzzy metric space.

Definition 2.8 (Turkoglu et al. [20] )  Two self mappings f and g 

of an intuitionistic fuzzy metric space (X, M, N,*, ◊ ) are said to 
be weakly commuting if,
M ( fgx, gfx, t) ≥ M(fx, gx t) and N ( fgx, gfx, t) ≤ N(fx, gx t), 
for all x ∈ X,  t> 0.

Definition 2.7 (Turkoglu et al.[20] ) Two self mappings f and g 
of a fuzzy an intuitionistic  fuzzy metric space (X, M, ◊ ) are said 
to be compatible if,
 limn→∞M(fgxn,gfxn,t)=1and limn→∞N(fgxn, gfxn,t) = 0
Whenever {xn} is a sequence in X such that,
 limn→∞fxn= limn→∞ gxn= x,
for some x ∈ X, t> 0.

Definition 2.8 (Turkoglu et al [20] ) Two self mappings f and g 
of an intuitionistic fuzzy metric space (X, M, N,*, ◊ ) are said 
to be weakly compatible if they commute at their coincidence 
point that is,
If fx = gx for some x ∈ X, then
 M (fgx, gfx, t) =1 and N (fgx, gfx, t) =0
It is obvious that if two mapppings are compatible then they are 
weakly compatible, but converse is not true.

Definition 2.9 ( Aamri and Moutawakil [1], Mihet [11] ) Two 
self mappings f and g of an intuitionistic fuzzy metric space (X, 
M, N,*, ◊ ) are said to satisfy the (E.A) property if there exist a 
sequence {xn}in X such that for all t > 0,
   
limn→∞)M(fxn, gxn,t) = 1 and limn→∞N(fxn, gxn, t) = 0

Definition 2.10 ( Sintunavarat and Kuman[19] ) Two self mappings 
f and g of an intuitionistic fuzzy metric space (X, M, N,*, ◊ ) are 
said to satisfy the common limit in the range of g (CLRg) property 
if there exist a sequence {xn}in X such that,
limn→∞fxn= limn→∞ gxn= gu, for some u ∈ X.

III. Main Results 

Theorem 3.1:
Let f and g be two weakly compatible self-mappings of an 
intuitionistic fuzzy metric space (X, M, N,*, ◊ ) such that, 

f and g satisfy the (CLR1. g) property;
M2. p (fx,fy,t) ≥ aMp (gx,gy,t) + bmin{Mp (fx,gx,t), Mp (fy,gy,t) 
}+cmin{Mp (gx,gy,t), Mp (fx,gx,t), Mp (fy,gy,t)};
N3. p (fx,fy,t) ≤ aNp (gx,gy,t) + bmax{Np (fx,gx,t), Np (fy,gy,t) 
}+cmax{Np (gx,gy,t), Np (fx,gx,t), Np (fy,gy,t)};

for all x, y ϵ X, and t ≥ 0, where a, b, c > 0; p ≥ 1; a + b + c = 1
then, f and g have  unique common fixed point.

Proof: Since f and g satisfy the (CLRg) property, there exists a 
sequence {xn} in
X such that
 limn→∞fxn= limn→∞ gxn= gu for some u in X.
Now we show that fu = gu. Suppose that fu≠gu. Then using 
condition (ii) with x = xn and y = u we get,
Mp (fxn, fu,t)
 ≥aMp (gxn,gu,t)+bmin{Mp (fxn,gu,t), Mp (fu,gu,t)   
 }+cmin{Mp (gxn,gu,t), Mp (fxn, gxn,t), M

p (fu,gu,t)}
and,
Np (fxn,fu,t)
 ≤aNp (gxn,gu,t)+bmax{Np (fxn,gu,t), Np (fu,gu,t)}    
 +cmax{Np (gxn, gu,t), Np (fxn,gxn,t), N

p (fu,gu,t)}

Taking limit as n→∞
Mp (gu,fu,t)
 ≥aMp (gu,gu,t)+bmin{Mp(gu,gu,t),Mp(fu,gu,t)}   
 +cmin{Mp (gu,gu,t), Mp (gu,gu,t), Mp (fu,gu,t)}
 
 =a.1+bmin{1,Mp (fu,gu,t)}+ cmin{1,1,Mp (fu,gu,t)}  
    = a.1+(b+c)Mp (fu,gu,t)
and,
Np (gu,fu,t)
 ≥aNp (gu,gu,t)+bmax{Np (gu,gu,t), Np(fu,gu,t)}    
 +cmax{Np (gu,gu,t), Np (gu,gu,t), Np (fu,gu,t)}
 =a.0+bmax{0,Mp (fu,gu,t)}+ cmax{0,0,Np (fu,gu,t)}
   = (b+c)Np (fu,gu,t)

Which is a contradiction. Hence fu = gu. (since, a+b+c=1)
Since f and g are weakly compatible, fu = gu implies fgu = gfu 
and therefore
ffu = fgu = gfu.
Now, we show that fu is a common fixed point of f and g. Suppose 
that
fu ≠ ffu. Then using condition (ii) with x = u and y = fu, we get

Mp (fu,ffu,t)
 ≥aMp(gu,gfu,t)+bmin{Mp(fu,gu,t),Mp(ffu,gfu,t)}   
 +cmin{Mp (gu,gfu,t), Mp (fu,gu,t), Mp (ffu,gfu,t)}

 = aMp (fu,ffu,t)+bmin{Mp (fu,fu,t),Mp (ffu,ffu,t)}+                                                 
 cmin{Mp (fu,ffu,t),Mp (fu,fu,t), Mp (ffu,ffu,t)}
 
 =a.Mp (fu,ffu,t)+bmin{1,1}+ cmin{Mp (fu,ffu,t),1,1}
   
   = b.1+(a+c)Mp (fu,ffu,t) 

and,

Np (fu,ffu,t)
 ≤aNp (gu,gfu,t)+bmax{Np (fu,gu,t),Np (ffu,gfu,t)}      
 +cmax{Np (gu,gfu,t), Np (fu,gu,t), Np (ffu,gfu,t)}
 = aNp (fu,ffu,t)+bmax{Np (fu,fu,t),Np (ffu,ffu,t)}+                                                  
 cmax{Np (fu,ffu,t),Np (fu,fu,t),Np (ffu,ffu,t)}
 =a.Np (fu,ffu,t)+bmax{0,0}+ cmax{Mp (fu,ffu,t),0,0}
 = b.0+(a+c)Mp (fu,ffu,t)
 =(a+c)Mp (fu,ffu,t)

Which is a contradiction, Hence ffu = fu.
Therefore, gfu = ffu = fu. Thus fu is a common fixed point of 
mappings f and g.
 Now we show the uniqueness of common fixed point,
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Let z1 and z2 be two common fixed points of f and g then from 
condition (ii)
Mp (z1, z2, t) = Mp (fz1, fz2, t)
 ≥ aMp (gz1,gz2,t)+bmin{Mp (fz1,gz1,t),M

p (fz2,gz2,t)}   
 +cmin{Mp (gz1,gz2,t), M

p (fz1, gz1,t), M
p (fz2,gz2,t)}

 = aMp (z1,z2,t)+bmin{Mp (z1,z1, t),M
p (z2,z2,t)}+                                                

 cmin{Mp (z1,z2,t),M
p (z1,z1,t),M

p (z2,z2,t)}

and,

Np (z1,z2,t)=Np (fz1,fz2,t)
 ≤aNp (gz1,gz2,t)+bmax{Np (fz1,gz1,t),N

p (fz2,gz2,t)}   
 +cmax{Np (gz1, gz2,t), N

p (fz1, gz1,t), N
p (fz2, gz2,t)}

 = aNp (z1,z2, t)+bmax{Np (z1,z1, t),N
p (z2,z2,t)}+                                                               

 cmax{Np (z1,z2,t),N
p (z1,z1,t),N

p (z2,z2,t)}
 =a.Np (z1,z2,t)+bmax{0,0 }+ cmax{Np (z1,z2,t),0,0}
 = b.0+(a+c)Np (z1,z2, t)
 =(a+c)Np (z1,z2,t)

It is possible only when z1 = z2.
Therefore f and g have unique common fixed point in X.

Corollary 3.2: Taking p=1 in theorem3.1 we have,
Let f and g be two weakly compatible self-mappings of an 
intuitionistic fuzzy metric space (X, M, N,*, ◊ ) such that,
(i). f and g satisfy the (CLRg) property;
(ii) M(fx,fy,t)≥
 aM(gx,gy,t)+bmin{M(fx,gx,t),M(fy,gy,t) }+
 cmin{M(gx,gy,t),M(fx,gx,t),M(fy,gy,t)};
(iii) N(fx,fy,t)≤
 aN(gx,gy,t)+bmax{N(fx,gx,t),N(fy,gy,t)}+
 cmax{N(gx,gy,t),N(fx,gx,t),N(fy,gy,t)};

For all x, y ϵ X, and t ≥ 0, where a, b, c > 0, a + b + c = 1,
Then, f and g have unique common fixed point.

Example 3.3:

By simple calculations we can show that f and g satisfy all the 
conditions of theorem 3.1,
and (X, M, N,*, ◊ ) is an intuitionistic fuzzy metric space.

Therefore, 1 is a common fixed point of f and g.
   
Corollary 3.4:
Let f and g be two weakly compatible self-mappings of is an 
intuitionistic fuzzy metric space (X, M, N,*, ◊) such that,
(i). f and g satisfy the (CLRg) property;
(ii). M(fx,fy,t)≥aM(gx,gy,t)+bmin{M(fx,gx,t),M(fy,gy,t)}
(iii). N(fx,fy,t)≤aN(gx,gy,t)+bmax{N(fx,gx,t),N(fy,gy,t)}

for all x, y ϵ X, and t ≥ 0, where a, b > 0, a + b = 1,
then, f and g have unique common fixed point.

Theorem 3.5:  
Let f and g be two weakly compatible self-mappings of is an 
intuitionistic fuzzy metric space  (X, M, , N,*, ◊) such that,
(i) f and g satisfy the E.A. property;
(ii) Mp (fx,fy,t) ≥
 aMp(gx,gy,t)+bmin{Mp(fx,gx,t),Mp (fy,gy,t) }+
 cmin{Mp (gx,gy,t),Mp (fx,gx,t),Mp (fy,gy,t)};
(iii) Np (fx,fy,t)≤
 aNp (gx,gy,t)+bmax{Np (fx,gx,t),Np (fy,gy,t)}   
 +cmax{Np (gx,gy,t),Np (fx,gx,t),N^p (fy,gy,t)};

for all x, y ϵ X, and t ≥0,where a, b, c > 0, a + b + c = 1,
If range of g is a closed subspace of X, then f and g have unique 
common fixed point.
Proof: Since f and g satisfy the property (E.A), then there exist 
a sequence {xn} in X such that,

 
for some x ϵ X,
Since range of g is a closed subspace of x, there exist u ϵ X such 
that x=gu.
Therefore,

 
Hence, f and g satisfy CLRg property. From theorem 3.1, f and g 
have a common fixed point in X.

Corollary 3.6:
Let f and g be two weakly compatible self-mappings of an 
intuitionistic fuzzy metric space (X, M, N,*, ◊ ) such that,
(i)  f and g satisfy the (E.A) property;
(ii)  M(fx,fy,t)≥
 aM(gx,gy,t)+bmin{M(fx,gx,t),M(fy,gy,t)}+
 cmin{M(gx,gy,t),M(fx,gx,t),M(fy,gy,t) }; 
(iii)  N(fx,fy,t)≤
 aN(gx,gy,t)+bmax{N(fx,gx,t),N(fy,gy,t) }+
 cmax{N(gx,gy,t),N(fx,gx,t),N(fy,gy,t)};
(iv) )()( XgXf ⊆

for all x, y ϵ X, and t ≥ 0, where a, b, c > 0, a + b + c = 1,
If range of g is a closed subspace of X, then f and g have unique 
common fixed point.

Corollary 3.7:
Let f and g be two weakly compatible self-mappings of an 
intuitionistic fuzzy metric space (X, M, , N,*, ◊ ) such that,
(i) f and g satisfy the E.A. property;
(ii) M(fx,fy,t) ≥ aM(gx,gy,t)+bmin{M(fx,gx,t),M(fy,gy,t)}
(iii) N(fx,fy,t) ≤ aN(gx,gy,t)+bmax{N(fx,gx,t),N(fy,gy,t) };
(iv) )()( xgxf ⊆ ;

for all x, y ϵ X, and t ≥ 0, where a, b > 0, a + b = 1,
If range of g is a closed subspace of X, then f and g have unique 
common fixed point.

Since Property (E.A) contains the class of non-compatible 
mappings. Following results are direct consequences:

Corollary 3.8: 
Let f and g be two weakly compatible, non compatible self-
mappings of an intuitionistic fuzzy metric space (X,M,N,*,◊)  
such that,



IJCST  Vol. 6, ISSue 4, oCT - DeC 2015  ISSN : 0976-8491 (Online)  |  ISSN : 2229-4333 (Print)

w w w . i j c s t . c o m 252   InternatIonal Journal of Computer SCIenCe and teChnology

(i) Mp (fx,fy,t)≥
 aMp (gx,gy,t)+bmin{Mp (fx,gx,t),Mp (fy,gy,t)}   
 +cmin{Mp (gx,gy,t), Mp (fx,gx,t), Mp (fy,gy,t) }; 
(ii) Np (fx,fy,t)≤
 aNp (gx,gy,t)+bmax{Np (fx,gx,t),Np (fy,gy,t) }+
 cmax{Np (gx,gy,t),Np (fx,gx,t),Np (fy,gy,t) };
(iii) )()( xgxf ⊂ ,

for all x, y ϵ X, and t ≥ 0, where a, b, c > 0, a + b + c = 1,
if the range of g is a closed subspace of X, then f and g have 
unique common fixed point.

Corollary 3.9: 
Let f and g be two weakly compatible, non compatible self-
mappings of an intuitionistic fuzzy metric space (X,M,N,*,◊) 
such that,
(i) M(fx,fy,t)≥
 aM(gx,gy,t)+bmin{M(fx,gx,t),M(fy,gy,t) }+
 cmin{M(gx,gy,t),M(fx,gx,t),M(fy,gy,t) }; 
(ii) N(fx,fy,t)≤
 aN(gx,gy,t)+bmax{N(fx,gx,t),N(fy,gy,t) }+
 cmax{N(gx,gy,t),N(fx,gx,t),N(fy,gy,t) };
(iii) )()( xgxf ⊂ ;

for all x, y ϵ X, and t ≥0, where a, b, c > 0, a + b + c = 1,
If the range of g is a closed subspace of X, then f and g have 
unique common fixed point.

Corollary 3.10:
Let f and g be two weakly compatible, non compatible self-
mappings of an intuitionistic fuzzy metric space (X,M,N,*,◊)  
such that,
(i) M(fx,fy,t)≥aM(gx,gy,t)+bmin{M(fx,gx,t),M(fy,gy,t) }; 
(ii) N(fx,fy,t)≤aN(gx,gy,t)+bmax{N(fx,gx,t),N(fy,gy,t) };
(iii) )()( xgxf ⊂ ;

for all x, y ϵ X, and t ≥ 0, where a, b, c > 0, a + b + c = 1,
If the range of g is a closed subspace of X, then f and g have 
unique common fixed point 

IV. Conclusion
Our results improve several known results in the following 
ways:

Our results generalize and improve several results of metric 1. 
space into intuitionistic fuzzy metric space .
The completeness of space is not required.2. 
The completeness of subspace is not required (even closedness 3. 
of subspace is not  required in case of (CLRg) property),
Containment of ranges of involved mappings is not necessary 4. 
in case of (CLRg) property.
Continuity of mappings is not required.5. 
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