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Abstract
In this paper, we design the optimal relay matrices for multiple-
input multiple-output (MIMO) relay communication systems with 
parallel relay nodes using the projected gradient (PG) approach. 
We show that the optimal relay amplifying matrices have a 
beamforming structure. Using the optimal structure, the relay 
power loading algorithm is developed to minimize the mean-
squared error (MSE) of the signal waveform estimation at the 
destination node. Simulation result demonstrate the effectiveness 
of the proposed relay amplifying matrix with multiple parallel 
relay nodes using the PG approach in the system bit-error-rate 
performance.
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I. Introduction
In order to establish a reliable wireless communication link, one 
needs to compensate for the effects of signal fading and shadowing. 
An efficient way to address this issue is to transmit signals through 
one or more relays [1]. This can be accomplished via a wireless 
network consisting of geographically separated nodes.

When nodes in the relay system are installed with multiple 
antennas, we call such system Multiple-Input Multiple-Output 
(MIMO) relay communication system. Recently, MIMO relay 
communication systems have attracted much research interest 
and provided significant improvement in terms of both spectral 
efficiency and link reliability. In [3]-[6], the authors have studied 
the optimal relay amplifying matrix design for the source-relay-
destination channel. In [3] and [4], the optimal relay amplifying 
matrix maximizing the Mutual Information (MI) between the 
source and destination nodes was derived assuming that the 
source covariance matrix is an identity matrix. In [5] and [6], 
the relay amplifying matrix was designed to minimize the mean-
squared error (MSE) of the signal waveform estimation at the 
destination. In [7], the author investigated the joint source and 
relay optimization for MIMO relay networks using projected 
gradient (PG) approach.
However, in [2]-[7], the authors investigated the optimal relay 
amplifying matrix design for two-hop MIMO relay networks 
with a single relay node. In [8], some linear relaying strategies 
are presented for multiple relays in MIMO relay networks by 
making use of local CSI. In [9], the authors investigated the optimal 
relay amplifying matrices for two-hop MIMO relay networks with 
multiple parallel relay nodes with sum relay power constraints at 
the output of the second hop channel.

In this paper, we propose the optimal relay matrices for MIMO 
relay communication systems with parallel relay nodes using the 
projected gradient (PG) approach which significantly reduces the 
computational complexity of the optimal design. We show that the 
optimal relay amplifying matrices have a beamforming structure. 
In addition to the PG approach, we constrain the power at each 

relay node which is more practical compared to the constraints in 
[9] as that constraint may exceed the available power budget at 
the relay nodes. Simulation result demonstrate the effectiveness 
of the proposed relay amplifying matrix with multiple parallel 
relay nodes using the PG approach in the system bit-error-rate 
performance.

The rest of this paper is organized as follows. In Section II, we 
introduce the system model of MIMO relay communication system 
with parallel relay nodes. The relay matrices design algorithm is 
developed in Section III. In Section IV, we show some numerical 
simulations. Conclusions are drawn in Section V.

II. System Model
Fig. 1 illustrates a two-hop MIMO relay communication system 
consisting of one source node, K parallel relay nodes and one 
destination node. We assume that the source and destination nodes 
have Ns and Nd antennas, respectively and each relay node has Nr 
antennas. The generalization to the system with different number 
of antennas at each node is straightforward. To efficiently exploit 
the system hardware, each relay node uses the same antennas to 
transmit and receive signals. Due to its merit of simplicity, we 
consider the amplify and forward scheme at each relay.
The communication process between the source and destination
nodes is completed in two time slots. In the first time slot, the Ns×1 
source signal vector s is transmitted to relay nodes. The received 
signal at the ith relay node can be written as

yr,i = Hsr,is + vr,i,   i = 1, · · · ,K  (1)

where Hsr,i is the Nr × Ns MIMO channel matrix between the 
source and the ith relay node, yr,i and vr,i are the received signal 
and the additive Gaussian noise vectors at the ith relay node, 
respectively.
In the second time slot, the source node is silent, while each 
relay node transmits the amplified signal vector to the destination 
node as

xr,i = Fiyr,i,   i= 1, · · · ,K  (2)

where Fi is the Nr × Nr amplifying matrix at the ith relay node. 
Thus the received signal vector at the destination node can be 
written as

   (3)

where Hrd,i is the Nd × Nr MIMO channel matrix between the ith 
relay and the destination node, yd and vd are the received signal 
and the additive Gaussian noise vectors at the destination node, 
respectively. Substituting (1)-(2) into (3), we have

  (4)
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where Hsr   is a KNr × Ns channel 
matrix between the source node and all relay nodes, 

 channel 
matrix between all relay nodes and the destination node, 

 block diagonal 
equivalent relay matrix,  is obtained 
by stacking the noise vectors at all the relays,  as the 
effective MIMO channel matrix of the source-relay-destination 
link and  as the equivalent noise vector. 
Here (·)T denotes the matrix (vector) transpose, and bd[·] stands for 
a block-diagonal matrix. We assume that all noises are independent 
and identically distributed (i.i.d.) Gaussian noise with zero mean 
and unit variance. The transmission power consumed by each 
relay node (2) can be expressed as

 (5)

where E[·] denotes statistical expectation, tr(·) stands for the
matrix trace, and (·)H denotes the matrix (vector) Hermitian
transpose.
Using a linear receiver, the estimated signal waveform vector at 
the destination node is given by  =WHyd, where W is an Nd×Ns 
weight matrix. The minimal MSE (MMSE) approach tries to find 
a weight matrix W that minimizes the statistical expectation of 
the signal waveform estimation given by

 (6)

where  is the equivalent noise covariance matrix given by
 The weight matrix W which 

minimizes (6) is the Wiener filter and can be written as

    (7)
where (·)−1 denotes the matrix inversion. Substituting (7) back 
into (6), it can be seen that the MSE is a function of F can be 
written as

   (8)

III. Minimal MSE Relay Design
In this section, we address the relay amplifying matrices 
optimization problem for systems with a linear receiver at the 
destination node. In particular, we show that the optimal relay 
matrices has a general beamforming structure. Base on (5) and 
(8), the relay amplifying matrices optimization problem can be 
formulated as

   (9)

 (10)

where (10) is the power constraint at the relay node, and Pr,i>0 is 
the corresponding power budget availabe at the ith relay.

A. Optimal Relay Design Using Projected Gradient (PG) 
Approach
Let us introduce the following singular value decompositions 
(SVD)

 (11)

where  and  are Rs×Rs and Rr×Rr diagonal matrix. Here 
 rank(·) denotes the rank 

of a matrix. The following theorem states the structure of the 
optimal Fi.

Theorem 1: The optimal structure of Fi as the solution to the 
problem (9)-(10) is given by

  (12)

where Ai is an R×R diagonal matrix and R  min(Rs,Rr).

PROOF: Without loss of generality, Fi can be written as 

 (13)

where 
 such that  and  are unitary matrices. 

The matrices Ai,Xi,Yi,Zi are arbitrary matrices with dimensions of R 
× R, R × (Nr − R), (Nr − R) × R, (Nr−R)×(Nr−R), respectively.
Substituting (13) back into (9), we obtain that 

 and 
 Thus we can rewrite equation (9) as

(14)

Table 1Procedure of Applying the Projected Gradient Algorithm 
to Solve the Problem (15) - (16)

1. Initialize the algorithm at a feasible  i for i = 1, · · · ,K; 
    Set n = 0.
2. Compute the gradient of (15) 

    
3. if max abs  then end.
    Otherwise, let n := n + 1 and go to step 2).

Substituting (11) back into the left-hand-side of 
the transmission power constraint (10), we have 

 F r o m 
(13), we find that  and 

 minimize the power consumption.
Thus we have 

The remaining task is to find the optimal Ai, i = 1, · · · ,K.
From (14), we can write the optimization problem as

(15)

  (16)
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Both the problem (9)-(10) and the problem (15)-(16) have 
matrix optimization variable. However, in the former problem, 
the optimization variable Fi is an Nr×Nr matrix. In general, the 
problem (15) - (16) is nonconvex and globally optimal solution 
is difficult to obtain with a reasonable computational complexity. 
Fortunately, we can resort to numerical methods, such as the 
projected gradient algorithm [11] to find (at least) a locally optimal 
solution of (15) - (16). The procedure of the projected gradient 
algorithm is listed in Table 1, where  and sn denote the step size 
parameters at the nth iteration. max abs  denote the maximum 
among the absolute value of all elements in a matrix, and " is a 
positive constant close to 0.

Theorem 2: If  is chosen as the 
objective function, then its gradient  with respect to Ai can be 
calculated by using results on derivatives of matrices in [13] as

  (17)

Proof: See Appendix A.
The projection of  onto the feasible set of  given by (16) is 
performed by solving the following optimization problem

  (18)

 (19)
By using the Lagrange multiplier method, the solution to the
problem (18)-(19) is given by

where  > 0 is the solution to the nonlinear equation

  (20)
Equation (20) can be efficiently solved by the bisection method 
[11]. The step size parameters  and sn are determined by the 
Armijo rule [11], i.e., sn = s is a constant through all iterations, 
while at the nth iteration,  is set to be . Here mn is the 
terminal nonnegative integer that satisfies the following inequality 

 where  
and  are constants. According to [11], usually  is chosen close 
to 0, for example , while a proper choice of  is 
normally from 0.1 to 0.5.

B. Simplified Design
By introducing

     (21)
The received signal vector at the destination can be equival-
ently written as and 

 Considering (2) and (21), the transmission 
power consumed at the output of Hrd can be expressed as 

 (22)

Substituting (10) into (22) we have

 (23)

Here  is the total transmission power budget 
available to all K relay nodes. Using (23), the relaxed relay 
optimization problem can be written as

    (24)
  (25)

Where,  denote the 
singular value decomposition (SVD) of Hsr, where the dimensions 
of Us, s, Vs are KNr×KNr, KNr×Ns, Ns× Ns, respectively. We 
assume that the main diagonal elements of s is arranged in a 
decreasing order. Using Theorem 1 in [10], the optimal structure 
of  as the solution to the problem (24)-(25) is given by

     (26)
where Q is any Nd × Ns semi-unitary matrix with QHQ= , 
Us,1 contain the leftmost Nb columns of Us, and  is an Ns × 
Ns diagonal matrix. The proof of (26) is similar to the proof of 
Theorem 1 in [10]. From (26), we see that the optimal  has a 
beamforming structure. In fact, the optimal  diagonalizes the 
source-relay-destination channel  up to a rotation matrix Q. 
Using (26), the relay optimization problem (24)-(25) becomes

 (27)

  (28)

Let us denote  as the main diagonal
elements of , s, respectively and introduce

 (29)

The optimization problem (27)-(28) can be equivalently rewritten 
as

  (30)

 (31)

where . The problem (30)-(31) can be 
solved by an iterative method developed in [10], where in iteration, 
y is updated alternatingly by fixing the other vector.
After the optimal y is found,  can be obtained from (29) as

 (32)

Using (21) and the optimal structure of  in (26), we have Hrd,iFi = 
, where matrix  contains the (i−1)Nr+ 1 to iNr columns 

of UH s,1. Then we obtain . Then we obtain

  (33)

where (·)† denotes matrix pseudo-inverse. Finally, we scale Fi in 
(33) to satisfy the power constraint (10) at each relay node as

   (34)

where the scaling factor  is given by 
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IV. Simulations
In this section, we study the performance of the proposed optimal 
relay beamforming algorithms for parallel MIMO relay systems 
with linear MMSE receiver. All simulations are conducted in 
a flat Rayleigh fading environment where the channel matrices 
have zero-mean entries with variance 

, respectively. The BPSK constellations are used to 
modulate the source symbols, and all noise are i.i.d Gaussian with 
zero mean and unit variance. We define  and 

  as the signal-to-noise ration (SNR) for 
the source-relay link and the relay-destination link, respectively. 
We transmit Ns × 1000 randomly generated bits in each channel 
realization, and all simulation results are averaged over 200 
channel realizations. In all simulations, the MMSE linear receiver 
in (7) is employed at the destination for symbol detection.
In our example, a parallel MIMO relay system with K = 2 relay 
nodes, Ns = Nd = 5, and Nr = 4 are simulated. We compare the 
BER performance of the propose optimal relay matrices using 
Projected Gradient (ORP) algorithm in (12) with ZF algorithm 
in [8], MMSE algorithm in [8], and the naive amplify-and-
forward (NAF) Algorithm. While Fig. 2 demonstrates BER versus 
SNRs for SNRr fixed at 20 dB. It can be seen that the propose 
algorithm outperforms all competing algorithms in the whole 
SNRs range.

V. Conclusions
In this paper, we have derived the general structure of the optimal 
relay amplifying matrices for parallel MIMO relay communication 
systems using the projected gradient approach. The proposed 
algorithm has less computational complexity compared to the 
existing techniques. Simulation result shows the effectiveness of 
the proposed algorithm.

VI. Appendix

(35)

(36)

(37)

Let us now define   
 and  We can rewrite (37) as

  (38)

Then the derivative of f(Ai) with respect to Ai is given by

  (39)

Defining  we can 
rewrite (39) as

  (40)

Here,  we can rewrite (40)

  (41)

Finally, the gradient is given by

  (42)

Fig. 1: Block Diagram of a parallel MIMO Relay Communication 
System

Fig. 2: BER Versus SNRs While Fixing SNRr = 20dB. Ns = Nd 
= 5, and Nr = 4.
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